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Abstract. The main results of this paper are limit theorems for horocycle 
flows on compact surfaces of constant negative curvature. 

One of the main objects of the paper is a special family of horocycle-invariant 
finitely additive Holder measures on rectifiable arcs. An asymptotic formula for 
ergodic integrals for horocycle flows is obtained in terms of the finitely-additive 
. measures, and limit theorems follow as a corollary of the asymptotic formula. 

^SJ ' The objects and results of this paper are similar to those in II15I . 1161 . l4l 

and fSl for translation flows on flat surfaces. The arguments are based on the 
. classification of invariant distributions for horocycle flows established in L12J . 

Q 

' Contents 



>< 



1 . Introduction 2 

1.1. Outline of the main results. 2 

1.2. Historical remarks. 3 

1.3. Definitions and notation. 4 
' 1.4. Holder currents and Holder cocycles. J? 
. 1.5. Holder cocycles and ergodic integrals. 11 

1.6. Duality theorems. 15 

1.7. Organization of the paper. 17 
' 1.8. Acknowledgements 18 

2. Basic Currents and Finitely-Additive Measures on Rectifiable Arcs. 18 

2.1. Basic currents. 18 

2.2. Geodesic scaUng of basic currents. 19 
^ 2.3. Orthogonal projections on basic currents. 21 

, 2.4. The construction of the finitely-additive measures. 22 

2.5. Proof of the main properties (Theorem II. It . 25 

2.6. Proof of weak unstable vanishing (Corollary II. It . 28 

2.7. Proof of existence of dynamical projections (Corollary 1 1.21 ). 28 

3. Additive Cocycles and Limit Distributions. 29 

3.1. Proof of the cocycle theorem (Theorem II. 2l i. 30 

3.2. Proof of the approximation theorem (Theorem II. 3 l l. 31 

3.3. Proof of the limit theorems: complementary series (Theorem 1 1.41 ). 31 

3.4. Proof of the limit theorems: principal series (Theorem 11.51 ). 32 

4. Duality and Classification. 34 

4.1. Proof of the duality theorems (Theorem 1 1.6 1 and Theorem II. 71 ). 34 

4.2. Proof of the classification theorem (Theorem [L8] l. 37 

4.3. F-invariant conformal distributions. |38 

1 



2 



ALEXANDER BUFETOV AND GIOVANNI FORNI 



4.4. Proof of the correspondence (Theorem 1 1.9t . 
5. Proofs of Technical Lemmas. 

5.1. Outline of the section. 

5.2. Estimates on coboundaries. 

5.3. Inner products of cocycles. 

5.4. Rotationally symmetric measures. 
References 



1. Introduction 

1.1. Outline of the main results. The aim of this paper is to obtain limit theorems 
for horocycle flows on compact surfaces of constant negative curvature. 

Our limit theorems admit the simplest formulation in the case when the smallest 
positive eigenvalue /xq of the Laplace operator on the surface of curvature —1 is 
strictly less than 1/4 (equivalently, when the spectral decomposition of the space of 
square-integrable functions on our surface into irreducible unitary representations 
of the modular group contains representations of the complementary series). 

In this case, the variance of the ergodic integrals (up to time T > 0) of a generic 

smooth function grows at the rate T 2 , where := ^J1 — Ano, and its ergodic 
integrals, normalized to have variance 1, converge in distribution to a nondegener- 
ate compactly supported measure on the real line. 

The situation is more complicated for surfaces whose spectral decomposition 
only contains representations of the principal series (or more generally for func- 
tions supported on irreducible representations of the principal series). 

In this case, the variance of ergodic integrals (up to time T > 0) of any smooth 
function which is not a coboundary grows at the rate Ta , but its ergodic integrals, 
normalized to have variance 1, converge in distribution to an orbit of an infinite- 
dimensional quasi-periodic flow in the space of random variables with compactly 
supported distributions. The frequencies of this quasi-periodic motion are deter- 
mined by the eigenvalues larger than 1/4 of the Laplace-Beltrami operator on the 
hyperbolic surface. We are not able to determine whether the limit distribution 
exists in this case; we conjecture that it does not. In fact, the limit distribution 
will exist for all smooth functions which are not coboundaries if and only if all 
random variables in each of the invariant subtori of our infinite dimensional torus 
have exactly the same probability distribution (see §§ 15.41 ). 

Our argument relies on the classification, due to Flaminio and Fomi lfT2l . of 
distributions (in the sense of S. L. Sobolev and L. Schwart2Q) invariant under a 
given horocycle flow. One of the main objects of our paper is a closely related 



The term "distribution" is used in two very different senses in our paper: first, probability distri- 
butions of random variables and, second, distributions of Sobolev and Schwartz. For instance, "limit 
distributions" refer to the first meaning, while "invariant distributions" to the second. We hope that 
our precise meaning is always clear from the context. 



LIMIT THEOREMS FOR HOROCYCLE FLOWS 



3 



space of finitely-additive Holder measures on rectifiable arcs on our surface, in- 
variant under the complementary horocycle flow. We classify these measures and 
establish an explicit bijecitve correspondence between them and the subspace of 
the Flaminio-Fomi space given by invariant distributions corresponding to posi- 
tive eigenvalues of the Casimir operator. This isomorphism yields a natural duality 
between the spaces of invariant distributions for the two horocycle flows on a sur- 
face. We further establish an asymptotic formula for ergodic integrals in terms 
of the finitely-additive measures. Our limit theorems are obtained as corollaries 
of the asymptotic formula. Informally, the limit theorems claim that the normal- 
ized ergodic integrals of horocycle flows converge in distribution to the probability 
distributions of finitely-additive measures of horocycle arcs. 

The objects and results of this paper are similar to those in O, and es- 
pecially m, IS, (ll for translation flows on flat surfaces. The methods here are 
completely different, however, and are based on those in |[T2l . 

The remainder of this section is organized as follows. In §§ 11.21 we make 
some brief historical remarks. In §§ ll.3l we establish our notation and recall the 
main properties of invariant distributions and basic currents for horocycle flows. 
In §§ 11.41 we state our main theorems on finitely additive Holder measures on 
rectifiable arcs, invariant with respect to the unstable (stable) horocycle (Theo- 
rem II. Il l and on the related additive cocycle for the stable (unstable) horocycle 
(Theorem 1 1.21 ). We also state several important corollaries of the above mentioned 
theorems (Corollary II. H and Corollary ll.2t . In §§ ll.Sl we state our results on the 
asymptotics of ergodic integrals, in particular we state an approximation theo- 
rem for ergodic integrals of sufficiently smooth zero-average functions in terms 
of additive cocycles (Theorem ll.31 l and our results on limit distributions of nor- 
malized ergodic integrals (Theorem ll.4l and Theorem II. 5 1 . We then state our con- 
ditional results about the existence of limit distributions for functions supported 
on irreducible components of the principal series follow (Corollary [L4] and Corol- 
lary [T]4ll. In §§ ll.6l we introduce currents of dimension 2 (and degree 1) associated 
to our finitely additive measures on rectifiable arcs. We then state a duality theorem 
which affirms that such currents can be written in terms of invariant distributions 
for the unstable (stable) horocycle flow (Theorem 1 1.7t . The duality theorem leads 
to a complete classification of the class of finitely additive Holder measures ax- 
iomatically defined in §§ ll.4l (see Definition ll.il ). in the sense that our construction 
gives the space of all finitely additive Holder measures with the listed properties 
(Theorem 1 1.8 1 ). It also allows us to establish a direct relations between the lifts of 
our additive cocyles to the universal cover and F-conformal invariant distributions 
on the boundary of the Poincare disk (Theorem 11. 91 l. 

1.2. Historical remarks. The classical horocycle flow on a compact surface of 
constant negative curvature is a main example of a unipotent, parabolic flow. Its 
ergodic theory has been extensively studied. It is known that the flow is mini- 
mal [2P|, uniquely ergodic [17], has Lebesgue spectrum and is therefore strongly 
mixing |29|, in fact mixing of all orders [,27 J . and has zero entropy [20|. Its finer 
ergodic and rigidity properties, as well as the rate of mixing, were investigated by 
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M. Ratner is a series of papers ll30l . OTI . ||32| . ll33l . In joint work with L. Flaminio 
lEl, the second author has proved precise bounds on ergodic integrals of smooth 
functions. Those bounds already imply, as proved in [12], that all weak limits of 
probability distributions of normalized ergodic integrals of generic smooth func- 
tions have (non degenerate) compact support. 

In the case of finite-volume surfaces, the classification of invariant measures is 
due to Dani |T0 |. The asymptotic behaviour of averages along closed horocycles in 
the finite-volume case has been studied by D. Zagier [36], P. Samak [,34] , D. Hejal 
II22I and more recently in IIT2I and by A. Strombergsson [|35l . The flows on general 
geometrically finite surfaces have been studied by M. Burger [7]. 

Invariant distributions, and, more generally, eigendistributions for smooth dy- 
namical systems were already considered in 1955 by S. V. Fomin |14|, who con- 
structed a full system of eigendistributions for a linear toral automorphism. 

In the case of horospherical foliations of symmetric spaces X = G/K of non- 
compact type of connected semi-simple Lie groups G with finite center, invariant 
distributions are related to conical distributions on the space of horocycles intro- 
duced in the work of S. Helgason ||23| . 

Invariant distributions for the horocycle flow appear in the asymptotics for the 
equidistribution of long closed horocycle on finite- volume non-compact hyperbolic 
surfaces in work of P. Samak ll34l . To the authors' best knowledge this is the first 
appearance of invariant distributions in the context of quantitative equidistribution. 
Samak's work was later generalized to arbitrary horocycle arcs and to the horocyle 
flow also in the compact case in 1 12] (see also ll22l . ll35l ). 

Other similar (parabolic, uniquely ergodic) systems for which the asymptotics 
and the limit distributions of ergodic integrals have been studied include trans- 
lation flows on surfaces of higher genus and interval exchange transformations, 
substitution dynamical systems and Vershik's automorphisms, and nilflows on ho- 
mogeneous spaces of the Heisenberg group. The latter are related to the asymptotic 
behaviour of theta sums. For translation flows and interval exchange transforma- 
tions, results on the growth of ergodic integrals were proved conditionally in the 
work of A. Zorich [|37], [|38], ||39] and M. Kontsevich liH and later fully proved in 
||T6l and by A. Avila and M. Viana |T|. An asymptotic formula for ergodic integrals 
and limit theorems for translation flows were obtained in [4J, [5] and [6]. Similar 
results for suspension flows over Vershik's automorphisms were obtained in O. 
Limit theorems for theta sums were proved by W. B. Jurkat and J. W. Van Home 
(245, f25],by J. Marklof 1 28 1 and more recently in stronger form by F. Cellarosi [8 |. 
Invariant distributions and asymptotics of ergodic integrals for Heisenberg nilflows 
were studied in |[T3l . which generalizes the asymptotics for theta sums proved by 

H. Fiedler, W. B. Jurkat and O. Korner Ull . 

I. 3. Definitions and notation. Let F be a co-compact lattice in PSL{2,M.) and 

let M := T\D be the corresponding hyperbolic surface obtained as a quotient 
of the Poncare disk D under standard action of P by linear fractional transforma- 
tions. Since PS'L(2,M) acts freely and transitively on the unit tangent bundle of 
the Poncare disk, the unit tangent bundle SM of the hyperbolic surface M can be 
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identified with the homogeneous space T\PSL(2, M). Let {X, U, V} be the basis 
of the Lie algebra s/(2,M) of PSL(2,M.) given by the infinitesimal generators of 
the geodesic flow and of the stable and unstable horocycle flows. The following 
commutation relations hold: 

(1) [X,U] = U, [X,V] = -V, [U,V] = 2X. 

Let {X, U, V} be the frame of the cotangent bundle dual to the frame {X, U, V} 
of the tangent bundle, that is, 

X{X) = 1, X{U) = X{V) = 0; 

(2) U{X) = 0, U{U) = l U{V) = Q- 

y(x) = o, v{u) = Q v{v) = i. 

Let |X|, \ tj\ and \ V\ denote the 1 -dimensional measures on SM tranverse to the 
2-dimensional foliations {X = 0}, {U = 0} and {V = 0} given respectively by 
the 1-forms X, U and V. In other terms, if 7 is any rectifiable path transverse to 
the fohation {X = 0}, ( {U = 0}, {V = 0}), then respectively, 

[\x\ = \[x\ ([\u\ = \[u\, f\v\ = \[v\). 

Let Qt := exp(tX), = exp(tC/) and }i( = exp(ty) be the corresponding 
one-paramer groups. Since P5'L(2,]R) acts on SM on the right, the following 
commutation relations hold for the flows: 

(3) gtoh^ = h^_t^ o gt and gt o = o gt , for all s, t e M . 

Thus the flows {h^} and {hY} are respectively the stable and unstable horocycle 
flows for the hyperbolic geodesic flow {gt] on SM. 

Let L'^{SM) be the Hilbert space of square-integrable complex- valued func- 
tions on SAI, endowed with its usual Hilbert space norm || • ||. By the theory of 
unitary representations of the unimodular group (see for instance [21, ifTSl ||T9l ). 
the Hilbert space L?'{SM) of splits as an orthogonal sum 

(4) L\SM)= 

AfGSpec(n) 

of irreducible unitary representations of PSL(2, M) which are parametrized by the 
value /i G M"^ U{— n^ + n|nG Z+} of the Casimir operator 

D:= X'^ + X + VU = X'^ - X + UV = X"^ + UV + VU . 

The Casimir operator is a second order differential operator which generates the 
center of the enveloping algebra of the Lie algebra s/(2,M), hence its restriction 
to every irreducible unitary representation is a scalar multiple of the identity. The 
unitaiy type of in^educible unitary representations of PSL{2, R) is uniquely deter- 
mined by the value of the Casimir parameter. Irreducible unitary representations 
are divided into three series: the principal series consists of all representations with 
Casimir parameter > 1/4, the complementary series of all representations with 
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Casimir parameter < fj, < 1/A and the discrete series of representations with 
Casimir parameter fi = —n'^ + n. 

Remark. In formula (UJl and everywhere below the eigenvalues of the Casimir 
operator are always understood with multiplicities. 

Let us consider the stable horocycle flow {/i^}. Similar statements hold for the 
unstable horocycle flow. It was proved in [12 1 that for every Casimir parameter 
fi £ M+ the space of invariant distributions for the horocycle flow which are non- 
trivial on the space C°°{H^) := ^^{SM) n has dimension equal to 2 and (if 
/i / 1/4) it is generated by eigenvector for the action of the geodesic flow. 

We recall that an invariant distribution for the stable horocycle flow is a dis- 
tribution D € T)'{SM) such that LjjD = in the sense of distributions. Let 
Jc/(5'Af) C T)'{SM) denote the space of all invariant distributions for the stable 
horocycle flow. 

For every Casimir parameter /x G M+ let := yj\ — 4^. We remark that G C 
is purely imaginary if > 1/4 (principal series) and v G (0,l)ifO < /i < 
1/4 (complementary series). By [12], Theorem 3.2 and Lemma 3.5, the space 
of invariant distributions for the stable horocycle flow which are non-trivial on 
C°°{H^) has a basis {-D^, D^} such that (in the sense of distributions) 

(5) £^Z)± = _i±ilz)± , forall /zGM+\{l/4}, 

while for the for the special case /i = 1/4 (i^ = 0), 



(6) L 



X 
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Invariant distributions for the horocycle flow are naturally associated (by a gen- 
eral construction which holds for any volume preserving flow) with basic currents 
for the horocycle foliation. A current C of degree 2 (and dimension 1) is called 
basic for the orbit foliation of the stable horocycle flow if and only if 

(7) j:^C = iuC = in V'{SM). 

(The operators Lu and lu are respectively the Lie derivative and the contraction 
with respect to the horocycle generator U acting on currents according to the stan- 
dard definition). Let 23 [/(5M) denote the space of all basic currents for the stable 
horocycle foliation. 

For any s > 0, let W^{SM) and flf (SM) be respectively the Sobolev spaces 
of functions and of 1-forms on SM and let W'^iSM) and 17j'^(S'M) denote the 
dual Sobolev spaces of distributions. Let then 

J^"(5M) := 3u{SM) n W-%SM) , 
T.-'iSM) ■= -BuiSM) n n^'iSM) . 

Let CO denote the volume form on SM and let 7]ij := iulo denote the contraction 
of the volume form along the stable horocycle. The 2-form r]ij is closed since the 
horocycle flow is volume preserving. We will show in Lemma 12.11 below that the 
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space JuiSM) of all invariant distributions and the space 'Bu{SM) are identified 
by the isomorphism 

(8) D ^ Driu 

which maps the Sobolev space 3^'^{SM) isometrically onto the Sobolev space 
S-'(5M), for all s > 0, hence it maps JuiSM) onto 'BuiSM). 

It was proved in [12], §3.2, that the invariant distributions have Sobolev or- 
ders equal to (1 ± Re z^) /2 (that is, E W~%SM) for all s > (1 ± Re z^) /2). It 
was later proved by S. Cosentino in ||9l that are in fact Holder of the same or- 
ders (that is, they can be written as first derivatives of Holder continuous functions 
of exponent 1 =F Re i^)/2, except for the distribution Dy^ which can be written as 
a first derivative of a Holder continuous function of any exponent a < 1/2). 

Notation: The Lie derivative Lw of a distribution or a current with respect to a 
smooth vector field W is defined in the standard weak sense (based on the formula 
of integration by parts). For consistence, the action of a smooth flow {(j)t} on a 
current C is defined by pull-back as follows: 

((/.*C)(A) = C((/)liA) , for any smooth form A . 

In particular, with the above convention the following identity holds. Let W be the 
infinitesimal generator of the smooth flow For all i G M, 

1.4. Holder currents and Holder cocycles. One of the main objects of this paper 
is a space of finitely-additive Holder measures defined on the semi-ring of all recti- 
fiable arcs in SM. These measures are invariant under the unstable horocycle flow 
hY and will be seen to govern the asymptotics of ergodic integrals for the stable 
horocycle flow h'j^ . 

Definition 1.1. Let 5Sv/(S'M) be the space of all Junctionals /3 which to every 
rectifiable arc 7 C SM assign a complex number j3{^) £ C so that the following 
holds: 

(1) (Additive property) For any decomposition 7 = 7i + 72 into subarcs, 

/3(7) = /3(7i)+/3(72); 

(2) (Weak unstable vanishing) For all 7 tangent to the weak unstable foliation, 

/3(7) = 0. 

(3) (Unstable horocycle invariance) For all t € M, 

^{hh) = m ■ 

(4) (Holder property) There exists an exponent a £ (0, 1) and a constant C > 
such that for all rectifiable arcs 7 satisfying 

l\u\<i 



g 
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we have 

1/3(7)1 <c(l + jm + \V\^ lyj^ \U\ 

The space !B\/(5'M) contains a sequence of special elements 

{/3;^l/^ G Spec(n)nM+} 

described in the following Theorem. We prove below that the above set is in fact a 
basis of *By(5M) endowed with a natural Sobolev-type Hilbert space structure. 

Theorem 1.1. For any positive Casimir parameter fi > there exist two indepen- 
dent (normalized) finitely -additive measures such that the following holds. 
For all rectifiable arcs 7 in SM the following properties hold: 

(1) (Additive property) For any decomposition 7 = 71 + 72 into subarcs, 

/3^(7) = /3^(7i) + /3^(72); 

(2) ( Geodesic scaling ) For allt&M and for fi ^ 1/4, 



^±(5-t7) = exp(i^t)/3±(7), 
while for = 1/A(i> = Q), 




\l^i/i{9-tl)j 

(3) (Unstable horocycle invariance) For all t S 

/3^(/^r7) = /3^(7). 

(4) (Holder property) There exists a constant C > such that, for all rectifi- 
able arc 7 C SM, for all fi ^ 1 /4, 



(9) |/3±(7)| <c[l + j^\X\+ jp\ j^\V\^l^jw\ 

and, for n = 1/4 (i' = 0), 



(10) 



1/3^/4(7)1 <C 1+ / 1^1+ / 1^1 / 1^1 / \U\ 



7 ^7 J-y / \J-y 



Notation: In the above formulas Q and ( flOl ). the symbols \X\, \ U\ and \ V\ stand 
for the transverse measures given by the forms X, U and V respectively, and, for 
any L > 0, we set 

L3+ = L^(l + |logL|). 

Recall that by definition the weak unstable manifolds of the geodesic flow are 
the 2-dimensional manifolds tangent to the integrable distribution {X, V} in the 
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tangent bundle of SM. If follows immediately from the Holder property that the 
restrictions of the finitely-additive measures to the weak unstable manifolds of 
the geodesic flow vanish. 

Corollary 1.1. For all Casimir parameters /j, G M"*" and for any rectifiable arc 'jwu 
contained in a (single) weak unstable manifold of the geodesic flow, we have 

In particular, all the finitely-additive measures $^ belong to the space *8y (-SM). 

For any s > 0, let 'B^'^(SM) be the (closed) subspace of basic currents for the 
stable horocycle foliation supported on irreducible unitary representations of the 
principal and complementary series and let 'B^'* : fl^^{SM) — ^ 'B^'^{SM) be the 
orthogonal projection. By the Sobolev embedding theorem, for any s > 3/2, any 
rectifiable arc 7 can be seen as a current in the dual Sobolev space Cli^{SM). 

Corollary 1.2. For any r > 9/2, for any s > r + 1 and for any rectifiable arc 
7 C SM, the limit 

5(7) := lim {g% o o g;){j) G n'^iSM) 

t— s>+oo 

exists and is equal to a uniquely determined basic current for the stable horocycle 
foliation. In fact, there exists a basis {B^} C "huiSM) of eigenvectors for the 
action of the geodesic flow on the space of basic currents such that 

;u6Spec(n)nM+ 

For all rectifiable arcs 7 in SM the following properties hold: 

(1) (Additive property) For any decomposition 7 = 71 + 72 into subarcs, 

B(n) = 5(71) + 5(72) ; 

(2) (Weak unstable vanishing) For all 7 tangent to the weak unstable foliation, 

5(7) = 0. 

(3) (Unstable horocycle invariance) For all t G R, 

B{hYi) = B{l)- 

(4) (Holder property) There exist exponents G (0, 1) and a constant C > 
such that, for all rectifiable arc 7 C SM, we have 

11^(7)11-. <c(l+ [\X\+ [ \U\ [ \V\) max (/ |;7|)" 

Remark 1.1. It is unclear to the authors whether the dependence of the current 

B{j) G ri'i{SM) on the rectifiable arc 7 C SM is continuous with respect to 
a natural topology (for instance the Hausdorff topology) on the space of bounded 
rectifiable arcs (with common endpoints). 
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For any sufficiently smootli 1-form A G Qi{SM), let (3x be the finitely additive 
functional defined on rectifiable arcs 7 C SM as 

(11) /3a(7) :=<^(7),A > . 

It follows from Corollary II .21 that (3x G ^v{SM). In particular, for any suffi- 
ciently smooth complex- valued function / on SM, let /3j G *Bv(5'M) be finitely 
additive functional /S^jy, that is, for any rectifiable arc 7 C SM, 

(12) /3/(7) = /3^^(7)=<^(7),/?^> • 

By Corollary 1 1.21 and the identification between basic currents and invariant distri- 
butions given by ([8]l, the finitely-additive measure /3j has the expansion: 

(13) Pf= Yl D;{f)p; + D^if)/3-. 

AteSpec(n)nR+ 



Remark 1.2. The formula dl3D yields a duality between the spaces of V -invariant 
distributions and V -basic currents. We describe this duality in detail in §§ 11.61 

By restriction of the finitely additive measures /3 G ^v{SM) to horocycle arcs, 
we obtain finitely-additive Holder cocycles /3 for the stable horocycle flow {hY}. 
For any (x, T) G SM x M Let 7(7(2;, T) denote the oriented horocycle arc 

ju{x,T) :={/if(x)|t G [0,r]}. 

For every Casimir parameter /i > the cocycles are defined as follows: 

(14) T) := /3±[7c/(x, T)] , for all (x, T) G SM x M . 

For any sufficiently smooth complex- valued function / on SM, the cocycle /?/ is 
similarly defined by the formula 

(15) f3f{x,T) := ^f[-fu{x,T)], for all {x,T) £ SM xR. 

By construction and by formula ([T3] ). the following expansion formula holds: 

(16) (3fix,T)= Yl D^U)^^ + D-^U)P^ ■ 

/iGSpec(n)nR+ 

Thus for every Casimir parameter /i G we obtain a pair of (linearly indepen- 
dent) additive Holder cocycles : SM x M — )• C for the stable horocycle flow. 
Such cocycles have the following properties. 

Theorem 1.2. For any Casimir parameter ^ G the following holds. 

(1) ( Cocycle property) For all x G SM and for all S, T £ M: 

S + T) = 13^ {x, S) + T) ; 

(2) ( Geodesic scaling) For /-i 7^ 1 /4, /or a// x G SAf, /or a// 1, T G M, 

/3±(<7-tx,re*) = exp(i^t)/3±(x,T) , 
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and for fi = l/4(u = 0), for all x G SM, for all t,T eR, 

/3-,(5-tx,re*) ) "^P^^ [O 1 J [(3-^,{x,T) ) ' 

(3) (Holder property) For all fi ^ 1/4, there exists a constant > such 
that, for all (x, T) € SM x R+, 

|/?^(x,r)| <cjr|^, 

while for /i = 1/4: (u = 0), there exists a constant C > such that 

|/3+,(x,r)|<c|r|i+, 
|/3-/,(x,r)|<C7|r|i. 

(4) (Orthogonality) For any T G M, the bounded function I3^{-,T) belongs to 
the irreducible component C Lp'{SM). 

1.5. Holder cocycles and ergodic integrals. The asymptotics and limit distribu- 
tions of ergodic integrals of smootii functions is controlled by the additive Holder 
cocycles for the horocycle flow introduced above. More precisely, the following 
approximation theorem holds. 

Theorem 1.3. For any s > 11/2 there exists a constant Cs > such that for 
every rectifiable curve 7 C SM and for all 1-forms A € ri^(S'M) supported on 
irreducible components of the principal and complementary series, we have 

I / A - ^a(7)| < C,||A|U1 + [\X\+ [ \V\) . 

In particular, for all functions f € W^{SM) supported on irreducible components 
of the principal and complementary series, we have 

I / fu-Pf{i)\<Cs\\fUi+ I \v\)- 

By the results of |[T2]| it is possible to derive a logarithmic upper bound in the 
uniform norm for the the ergodic integrals along horocycle orbits of functions sup- 
ported on irreducible components of the discrete series. Theorem 11.31 therefore 
implies the following: 

Corollary 1.3. For any s > 11/2 there exists a constant Cg > such that for all 
zero-average functions f € W^{SM) and all (x,T) G SM x we have 

\ r fo hUx)dt - Pf{x, T)\ < CsWfUl + iog+ |r|) . 

Jo 

Remark 1.3. Corollary 11.31 and the lower bounds proved in II12I1 on the L? norm 
of ergodic integrals imply, in particular, that the cocycles f3^{x, T) do not vanish 
identically as a function ofx£ SM,for any T 7^ 0. Indeed, to see this, it suffices 
to apply Corollar\ \\3\ to any function f G C°°{SM) such that f3f = (3^- Observe 
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also that, by the Ergodic Theorem, if f has zero average on SM, then, for any fixed 
r > 0, the function /3f{x,T) also has zero average on SM. 

From Corollary ll.3l we derive the following limit theorems. Recall that for any 
function / G L'^{SM) the symbol ||/|| stands for its L^-norm. For any zero- 
average real-valued function / G L'^{SM), for alH > and T G M, let Tltif) be 
the probability distribution on the real line of the random variable on SM defined 
by the formula 

Te* 

/ fohn-)dt 
(17) £i(/,r):=^-^ . 

II / fohY{-)dt\\ 


We are interested in the asymptotic behaviour (as t — )• +oo) of the probability 
distributions Tlt{f, T) for T G [0, 1]. 

Let / be a smooth function with non-zero orthogonal projection onto irreducible 
components of the complementary series. Let 

f= u 

/ieSpoc(n) 

denote the decomposition of / with respect to a splitting of the space L?{SM) into 
irreducible components. Let 

^if := min{/i G Spec(n) \ {0}|/^ / 0} 

let f^i, . . . , H}^ C L'^{SM) be all the irreducible components of Casimir parame- 
ters fj.1 = ■ ■ ■ = fik = fJ'f- Let {of, . . . , D^} denote the basis of distributional 
eigenvectors of the geodesic flow of the space of invariant distributions for the 
horocycle flow supported on !D'(i?i) • • • © D\Hk). Let {/3f , . . . , /3^} be the 
corresponding cocycles for the horocycle flow. For every T G M, let Pcp{f, T) 
denote the probability distribution on the real line of the random variable on SM 

Ell DHmi-.T) 
(EtiiA^(/)ni/?rp)'^' 

By Remark 11.31 and the orthogonality of cocycles, the above function is bounded, 
non-constant and has zero average on SM. The probability measure Pcpif, T) is 
therefore non-atomic and has compact support on the real line. 

Let dip denote the Levy-Prohorov metric on the space of probability measures 
on the real line. We recall that on any separable metric space, hence, in particular, 
on the real line, the Levy-Prohorov metric induces the weak* topology on the space 
of probability measures (see, e.g. [3 1). 

Theorem 1.4. There exists a constant a > depending only on the surface M 
such that the following holds. For any s > 11/2 there exists a constant Cg > 
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depending only on s such that the following holds. Let f E W^{SM) be any real- 
valued function of zero average such that the Casimir parameter £ (0, 1/4) 
and {D- {f ),..., D- if)) / (0,...,0). LetUf - ^T^G (0,1). Then 
(1) For all T G [0, 1] and all t > 0, we have 



(18) 



< CJI/ILe 



-at 



(2) For any T G [0, 1] we have the convergence in distribution 

(19) 9Jtt(/,r) ^P,p(/,T)ast^oo 

with the following estimate that holds for allt>0 uniformly in T G [0, 1]; 

(20) dLp{mt{f,T),P,p{f,T)) < C,||/||,e-"*. 

Remark 1.4. The estimate in formula ( 1201 ). uniform inT £M over any compact in- 
terval, implies, in particular, that Theorem \\A\ can be strengthened to afunctional 
limit theorem: the convergence in distribution holds in the space of measures on 
the space C[0, 1] as well, similarly to the limit theorems o/H, ||5l, [61. 

Now we prove that, for sufficiently smooth functions supported on irreducible 
components of the principal series, normalized ergodic integrals converge in dis- 
tribution on SM to a quasi-periodic motion on an infinite-dimensional torus. 

Let {^n} be the sequence of Casimir parameter in the interval (1/4, +oo) (listed 
with multiplicities). For all n G N, let Vn := -^4/1^7^^ G M"*". The isotypical 
components of the decomposition of Lp'{SM) into irreducible representations, be- 
ing eigenspaces of the Casimir operator, are closed under complex conjugation. It 
follows that there exists an orthogonal decomposition of L'^{SM) into irreducible 
components each closed under complex conjugation. Let {D^^} denote the corre- 
sponding sequence of horocycle invariant distributions, and let the sequence 
of additive Holder cocycles described in Theorem 11.21 By the characterization of 
the distributions {D^^} as distributional eigenvectors of the geodesic flow and by 
the construction of the cocycles it follows that, for all n G N, 



(21) D-^,.=Dtn and /?" = /3+ . 

For any s > 11/2, let / G W^{SM) be a real- valued function supported on 
irreducible components of the principal series. By definition and by formula (|2TI ). 
the cocycle Pj : SM x M — )• C is also real- valued, and from ([T3] ) we have 

f3f{x,T) = Re[J]Z)+ (/)/?+ (x,r)] , for all {x,T) G SM x M. 

neN 

Let := (M/27rZ)°° be the infinite-dimensional torus endowed with the product 
topology. For any real- valued function / G W'^{SM) supported on irreducible 
unitary components of the principal series and for all 9 G T°°, let 

(3{f,e,x,T) :=Re[^i?+ (/)e^^"/3+ (x,r)], forall(x,r) gSMxR. 
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For (9 G T°° and r > 0, let Ppr{f,9,T) be the probability distribution of the 
random variable given by the formula 

Since the random variables /?(/, 9,-,T) on SM are non-constant and bounded, the 
probability distributions 9, T) are non-atomic compactly supported measures 
on the real line (uniformly with respect to T G [0, 1]). 

Our main result on the asymptotics of distributions of normalized ergodic inte- 
grals for real- valued functions supported on the principal series is the following 

Theorem 1.5. For any s > 11/2 there exists a constant > such that the 
following holds for any real-valued function f £ W^{SM) supported on the irre- 
ducible components of the principal series such that {D'^^ (/)} ^ in £^(N, C). 

(1) For all T G [0, 1] and all t > 0, we have 



(23) 



e2||/3(/,f,.,T)|| 

(2) For all T G [0, 1] and all t > 0, we have 

vt 
~2 



dLp{e,tif,T),Pj,rU,-,T)] <a 



The above theorem implies that for real-valued functions supported on the prin- 
cipal series limit distributions exist along sequence of time such that the orbit of 
the toral translation of frequency v/2 G M°° on the infinite torus T°° converges. 
We conjecture that the limit does not exist otherwise. Below from Theorem 1 1.5 1 we 
derive some restrictions on limit distributions. 

Definition 1.2. Let H C L?'{SM) be a PSL{2, M.) -invariant subspace which is a 
direct sum of finitely many irreducible components of the principal series, that is, 

n 
i=l 

The subspace H is called Casimir simple if all the corresponding Casimir param- 
eters {I'l, . . . , Vn} are distinct. The subspace H is called Casimir irrational if the 
Casimir parameters {vi, . . . ,Un} org rationally independent. 

We derive the following conditional uniqueness result for the principal series. 

Corollary 1.4. Let H C L'^{SM) be any Casimir simple PSL{2,M.)-invariant 
subspace. If the limit distribution of the family of random variables 

\\Iof°hfdt\\ 

exists for any given f G C°^{H) which is not a coboundary, then the limit distri- 
bution is unique in the sense that it does not depend on the function. 
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Finally, we derive restrictions on the joint probability distribution of the cocycle 
functions in case limit distributions exist for all function supported on a Casimir 
irrational subspace. 

For any irreducible representation i/^j C L?'{SM) of the principal series, we 
have constructed Holder cocycle functions f3 := f3'^ and ^ = (5~ : SM — )■ C. 
For any P5L(2, R)-invariant subspace H C L'^{SM) supported on finitely many 
irreducible components of the principal series, let 

I3h:= {f3i,...,f3n):SM^C^ 

be the corresponding vector-valued cocycle function. 

Given any function /3 : SM — C, let : C — >• C be the affine transformation 
defined as follows. Let Rfs be the rotation by the angle 9fs € [0, 27r) such that 

^2iep I ^2^y^^j G R+ U {0} . 
JsM 

For any pair {A, B) of positive real numbers, let Ta,b : C — C the affine map 

TaAx, y) ■■= i^/A y/B) , for all (x, y) G = C . 
Let {Afs, Bfs) be the positive real numbers given by the formulas: 

Bj = mr-\!sM^'^\)/^- 

It is proved in Section [531 that J^j^,^ fS'^uj / 0, hence A^^ > B'^. Let then be 
given by the formula 

7> := TAp,B^°Rf)- 
Given any function /3 := . . . , — )• £J\ let be the product affine map 

Corollary 1.5. Let H C Lp'{SM) be any Casimir irrational PSL{2, M)-invariant 
subspace. The limit distribution of the family of random variables 

WJ^fohfdtW 

exists for all f G C°° {H) which is not a coboundary if and only if the function 
Tfijj o : SM —7- C" has a rotationally invariant probability distribution. 

1.6. Duality theorems. The formalism of finitely-aditive measures allows us to 
establish a duality between the spaces of distributions invariant under the stable and 
the unstable horocycle flows, respectively; more precisely, between the subspaces 
of invariant distributions corresponding to the positive eigenvalues of the Casimir 
operator. 

Finitely additive F-invariant 1-dimensional Holder measures on rectifiable arcs 
induce by integration currents of dimension 2 (and degree 1). In fact, let /3 G 



16 



ALEXANDER BUFETOV AND GIOVANNI FORNI 



^y(/S'M). Given a smooth 2-fonn t], using the Holder property and the (finite) 
additivity of /3, one can define the integral 

SM 

as the limit of Riemann sums. The correspondence 



?? — )• J /3 (g) r/ 

SM 

now yields a current on SM of dimension 2 (and degree 1), which, slightly abusing 
notation, we denote by the same symbol /3. The current (3 defined above in fact 
extends to continuous forms and, by the Sobolev embedding theorem, to forms in 
Sobolev spaces. 

Our next aim is to describe the currents in terms of distributions invariant 
under the unstable horocycle flow {hY}- 

Given a Casimir parameter fi > 0, consider the finitely-additive measure 

(24) D^ = X^^^^V. 

Since, for any / G C°°{SM), the integral of / with respect to the measure 
can be defined as the limit of Riemann sums, the measure yields a distribution 
(in the sense of S.L. Sobolev and L. Schwartz) on C°°{SM); slightly abusing 
notation, we denote the distribution by the same symbol D^. 

Theorem 1.6. For every Casimir parameter ^ G M^, the distributions given 
by f l24D are V -invariant. For /i 7^ 1/4, they satisfy the identities 

while for fj, = 1/4 (v = 0), they satisfy the identity 

Theorem 1 1.6 1 can be equivalently reformulated as follows. 

Given a distribution D acting on C°°{SM), let D A U denote the current of 
degree 1 (and dimension 2) defined as the exterior product of the the distribution 
D, identified to a current of degree (and dimension 3) via the normalized vol- 
ume form cl), times the smooth 1-form U on SM ; that is, the current given by the 
following formula: for any smooth 2-form r] on SM, 



{DAU){7]) -.= 



U Ar] 



Theorem 1.7. For every Casimir parameter ji G M^, there exist V -invariant dis- 
tributions G D'[H^) such that 
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For all ^ ^ 1/4:, the distributions are eigenvectors of the geodesic flow, that 
is, they satisfy the identitities 



2 ^' ' 

while for fi = 1/4 (i^ = 0) they are generalized eigenvectors, that is, 

1 A A /^i 



(25) 




1/4 

2 Vo 1/ \d: 



1/4/ 

The duality theorem (Theorem II .71 1 leads to the classification theorem stated be- 
low. Let ^v{SM) be the space of all finitely additive 1-dimensional Holder mea- 
sures introduced in Definition ll.il For any s > 0, let r22'*(5M) be the Sobolev 
space of currents of dimension 2 (and degree 1) defined as the dual space of the 
Sobolev space 0,2(3 M) of 2-forms on SM. By the Sobolev embedding theo- 
rem, the space !By(5M) embeds as closed subspace, denoted as ^y^{SM), into 

Theorem 1.8. For all s > 3/2, the Hilbert space ^y^{SM) is spanned by the 
system of finitely -additive measures {/3^|^ G Spec(n) n 

The duality theorem (Theorem ll.7l i also leads to a direct bijective correspon- 
dence between the lift of the finitely-additive measures /3^toP5L(2,M) (denoted 
below by the same symbol) and the F-invariant conformal distributions on the 
boundary of the Poincare disk studied by S. Cosentino in [9 |. 



Theorem 1.9. For any Casimir parameter ^ G \ { 1 /4}, there exist on the 



boundary of the Poincare disk T-invariant conformal distributions (j)^ of exponents 



(1 =F i^)/2 such that the following identities hold on PSL{2, M 

For = 1/4 (v = 0), on the boundary of the Poincare disk there exist a T-invariant 
conformal distribution of exponent 1/2 and a distribution (j)'^^^ of order 1/2+ 
(in the Holder sense) such that 

/3^4 (g) = (?!>'^/4 (g e^^dt + cpi/^ (g ^e~^dt , 
P^l^ dt = (^1/4 (g e 2 (it . 

Remark 1.5. For /i = 1/4, the space of all T-invariant conformal distributions of 
exponent 1/2 is 1-dimensional in each irreducible component. 

1.7. Organization of the paper. The paper is organized as follows. In Section |2] 
we construct finitely additive measures of rectifiable arcs and prove our main re- 
sults about them (in particular Theorem ll.il Corollary 11.1 l and Corollary ll.2l up to 
a technical estimate (Lemma l2!4l ) which will be proved in §§ 15.21 In Section [3] we 
prove our results on additive cocycles for the horocycle How (Theorem 11.21 ) and 
the approximation theorem for ergodic integrals (Theorem 11.31 ). From the approx- 
imation theorem, we then derive our results on hmit distributions (Theorem 11.41 



18 



ALEXANDER BUFETOV AND GIOVANNI FORNI 



Theorem 1 1.51 Corollary II .41 and Corollary ll.5t . Section 5]is devoted to the proof 
of the duality theorem (Theorem II .71 1. of the classification theorem (Theorem II .81 1 
and to the relations with F-invariant conformal distributions (Theorem II .Qt . In Sec- 
tion [5] we collect several technical auxiliary results. In §§ I5.2l we prove the above- 
mentioned estimate we need in the construction of finitely additive measures and 
additive cocycles (Lemma l2!4l ). In §§ l5.3l and §§ l5.4l we prove the technical lemmas 
needed in the proof of our conditional theorems on existence of limit distributions 
for functions supported on irreducible components of the principal series. 
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2. Basic Currents and Finitely-Additive Measures on Rectifiable 

Arcs. 

In this section we prove Theorem 1 1.1 1 up to a technical estimate which will be 
proved in the §§ 15.21 We then derive Corollary II. H and Corollary ll.2l 

2.1. Basic currents. By definition, the volume form uj on SM can be written as 

u = X h(j . 

The contractions rjx '■= ^x^, Vu ■= and 7]v := lyuj are closed 2-forms which 
can be written as follows: 

■qx = U AV , 'nu = -X AV , riv = X All . 

We recall that a distribution D G T)'{SM) (in the sense of S.L. Sobolev and 
L. Schwartz) is called U-invariant (or invariant under the stable horocycle flow 
{h^}) iff LuD = in D'{SM). A current C of degree 2 (and dimension 1) is 
called basic for the orbit foliation of the stable horocycle flow if and only if 

(26) L^C = iuC = ^ in V'{SM). 

(The operators Ljj and ijj are respectively the Lie derivative and the contraction 
with respect to the horocycle generator U acting on currents according to the stan- 
dard definition). 

Let J[/(S'Af) denote the space of all [/-invariant distributions and 'Bjj{SM) 
denote the space of all basic currents of degree 2 (and dimension 1) for the orbit 
foliation of the stable horocycle flow. 
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For every s > 0, let W^{SM) be the standard Sobolev space on the compact 
manifolds SM and let Of {SM) be the Sobolev space of all 1-forms on SM defined 
as follows: 

A := XxX + XuU + XvV G Of (5M) ^ (Ax, Xu, Ay) e [W'{SM)f . 

Let W-^iSM) and 0^'*(5M) denote the Sobolev spaces dual of the (Hilbert) 
spaces W'^{SM) and Ql{SM) respectively. The space W~'^{SM) which can 
be viewed either as currents of degree 3 and dimension (linear functional on 
functions) or as currents of degree and dimension 3 (linear functional on 3- 
forms). A standard SL{2, R)-invariant identification between functions and 3- 
forms is in fact given by the volume form on SM. The space ^1^^{SM) is a 
space of currents of degree 2 and dimension 1 (linear functionals on 1-forms). Let 
S^'^(S'Af) C ^i^{SM) denote the subspace of basic currents for the orbit folia- 
tion of the stable horocycle flow, that is, of currents satisfying the identities (l26l ). 
It is a standard fact, easy to prove, that the space 23j^*(5M) of basic currents is 
isomorphic to the space 3^^{SM) of [/-invariant distributions: 

Lemma 2.1. For any s G M the correspondence D — ?• Drju defines an isomor- 
phism from the space J^*(5'M) of invariant distributions for the stable horocycle 
flow onto the space 'B^^{SM) of basic currents for its orbit foliation. 

Proof. Let D be any fj-invariant distribution. It follows that C := Drju is closed. 
By definition ijjC = 0. It follows that 

LuC = iudC + diuC = Q, 

hence C is a basic current for the stable horocycle foliation. Conversely, let C be 
any basic current for the stable horocycle foliation and let D := C A ?7. We claim 
that D is [/-invariant. Since LjjC = ijjC = 0, a computation yields 

LuD = LuC AU + C A LuU = C A iu{dU) = iuC AdU = 0. 
Finally, since iijC = 0, it follows that 

DlJu = ^uD = ^uiC AU)=C, 

hence the map D — D-qu is a bijection of the space of all invariant distributions 
onto the space of all basic currents with inverse given by the map C — )• C A [/. It 
follows from the definition of the Sobolev spaces of currents that the above maps 
are isomorphisms between the dual Sobolev spaces 3^^{SM) and 'B^^{SM). □ 

2.2. Geodesic scaling of basic currents. Let c L'^{SM) be any non-trivial 
irreducible component with Casimir parameter /x G R \ {0}. Let W~^{H^) and 
Q^^{H^) denote the associated Sobolev spaces of distributions and, respectively, 
currents of dimension 1 (and degree 2). The subspaces W^'^{H^) and ^1^^{H^) 
are 5L(2, R)-invariant irreducible components of the decomposition of the dual 
Sobolev spaces W'^'iSM) and Q^^SM) respectively. Let 'B^\H^) denote the 
associated 5'L(2, M)-invariant irreducible component of the space 'B^'^{SM) of 
basic currents for the stable horocycle foliation, that is, for all G M \ {0}, 
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The following result describes the (infinitesimal) action of the geodesic flow on the 
space 'B^^{H^) of basic currents for all Casimir parameters € M \ {0}. 

Lemma 2.2. For any s > 1 and fi G R+ \ {1/4}, the space 'B^'^{H^) has com- 
plex dimension 2 and has a basis {i?^, of eigenvectors for the action of the 
geodesic flow. In fact, the following formulas hold: 

(27) j:xB^ = ^B^ . 

For fi = 1/4: (v = 0), the space 'B^^{H^) has complex dimension 2 and has a 
basis {i?^,i?^7} of generalized eigenvectors for the action of the geodesic flow. 
The following formula holds: 

(28) 

For fi = —n? -\- n < (v = 2n — 1) and s > n, the space 'B^'^{H^) has complex 
dimension 1 and has a basis {B^}, containing a single eigenvector for the action 
of the geodesic flow. In fact, the following formula holds: 

(29) LxB^ = ^^B^ = (1 - n)S^ . 

Proof. It follows by Lemma lZTl that the space (^^/^) is isomorphic to the space 
3^%H^,) := duiSM) n W-%H^) of invariant distributions. By [12], Theorem 
3.2, for any /i e M+ \ {1/4}, the space Jjj^^H^) has complex dimension 2 and 
has a basis {-D^, D^} of eigenvectors of the geodesic flow, in the sense that the 
following formulas hold: 

LxDt = At • 

Let := D^-qjj. Since U is the generator of the stable horocycle flow, we have 
the following equality of currents: 

(30) £xw = vu ■ 

The statement for the case jj. ^ l/A then follows since 

LxB^ = {LxD^ + D^)iju = ^B^ . 

In the case fi = 1/4, by [12], Lemma 3.5, the space 3jj^{H^) has complex dimen- 
sion 2 and has a basis {-D^, D~} of generalized eigenvectors of the geodesic flow, 
in the sense that the following formulas hold: 

Let := rju. Formula (1281 ) then follows by Leibniz rule from the above 
formula and formula (l30l ). In fact. 



Av if. 



I (I 0\ A 
1 1/ lo 1 
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Similarly, formula (|29] | follows from (12], Lemma 3.5. In fact, for any Casimir 
parameter /u = — + n < 0, the space 3jj^{H^) has complex dimension 1 and 
has a basis {D^} containing a single eigenvector of the geodesic flow such that 



^xD^j. = ^-^M = -f^B^ . 

>From the above formula it follows that 

LxB^ = {LxD^ + D^)r^u = ^^^m = (1 " ■ 
The Lemma is proved. □ 

2.3. Orthogonal projections on basic currents. For any s > 1/2 we have the 
orthogonal direct sum decomposition 

Let S"'' : Q^^SM) B[}'*(S'M) denote the orthogonal projection onto the sub- 
space of basic currents and 3?"'' : il^'^{SM) — ^ S^*(S'M)^ denote the orthogonal 
projection onto its orthogonal complement . 

Let n^* : Q^'^i^SM) — ^ Q,^'^{Hfj_) be the orthogonal projection. We remark 
that the projections 11^^ commute with the action of SL{2, M), hence in particular 
with the action of the geodesic flow, on the Sobolev space Q,^'^{SM). 

Let 'Bj^^ := 11^* o = o Ilj^^ be the orthogonal projection onto the 
subspaceBj}'*(i7/,) C n^'{Hf,). Let 3?-* := Uj^'oJl-' = 3?-"on-^ be the com- 
plementary projection on the space S^*(5M)-'- n ft^'^{Hf^). We remark that the 
projections S"** and 3?^* do not necessarily commute with the action of the geo- 
desic flow. However, the range of the projection 23^^*, which is the space 'B^'^{H^) 
of basic currents, is invariant under the action of the geodesic flow. 

By the Sobolev embedding theorem, any rectifiable arc 7 can be viewed as a 
current of dimension 1 (and degree 2) in ilJ~*(5M) for any s > 3/2. For all 
non-trivial irreducible unitary representations of Casimir parameter /i G M, let 
^/^^(t) ^ denote the projection n^"* o of the current S^*(7) 

onto the irreducible subspace Q,^'^{H^) C Q,i'^{SM). We then write 

(31) S-^M •= /"m.-^(^)^/^ + ^i^,~s{l)B^ , for fie Spec(n) n M+ ; 
^ ■ \a^,-.(7)5/. , for M e Spec(n) n R- . 

In other words, the complex numbers a^_s(7), 0/^(7) are the components of the 
current 7 in the direction of the basic currents B^, (that is, by definition, the 
coefficients of the currents B^, B^ in the orthogonal projection of the current 7 
onto the closed subspace of all basic currents). 

We recall that the subspace B^^^H^) C Q,i'^{H^) is trivial for all Casimir 
parameters fi = —v? + n (discrete series) whenever s < n S Z+. In this case the 
component is defined as zero. 
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Lemma 2.3. For every fiQ > 1/4 and for every s > 1/2 the system {B^ , } has 
uniformly bounded distorsion in Q^^{SM) for all Casimir parameters ^ > ^q, 
that is, there exists a constant Cs(/Uo) > such that, for all fi > fiQ, 

||q:+5+||_s + ||a"-B7||_^ 
sup ^— ^ < Cs[fJ-o) ■ 

(a+,a-)GR2\{o} ||a+-B^ + a~B^ 

Proof. As observed in the proof of Lemma 5.1 in ||T2| . if the Casimir parameter 
^ > ^0 > 1/4, for any s > 1/2, the distorsion in W~'^{SM) of the system of dis- 
tributions {Dj^tDj^} stays uniformly bounded above (in other terms, the angle in 
W^^{SM) between and stays uniformly bounded below), and in fact this 
bound is also uniform with respect to s > 1. By Lemma [ZTl the map D — )• Dr]u 
defines an isomorphism from the space 3^^{SM) of invariant distribution onto the 
space 'B^^{SM) of basic currents. It follows that for all Casimir parameters fi > 
the distorsion in Q,^^{SM) of the system of basic current {B^,B^} is equal to the 
distorsion in W~'^{SM) of the system of invariant distributions {D^ , Dj^}, in par- 
ticular the distorsion of the system {B^, B^} in i^^^{SM) is uniformly bounded 
above for all > /zq > 1 /4. □ 

2.4. The construction of the finitely-additive measures. The core of our argu- 
ment is the following construction of finitely-additive measures on rectifiable arcs. 

Theorem 2.1. For any rectifiable arc 7 C SM the following holds. For any 
Casimir parameter fj, E \ {1/4} the following limits exist and do not depend 
on s > 9/2: 

(32) /3^(7):= lim 

For n = 1/4: the limits below exist and do not depend on s > 9/2: 



lim 



exp(|) 



exp(^ 

(33) _ ^ 

The convergence in the limits d32D . d33D is exponential in the following precise 
sense. For all t > 0, let us introduce the rescaled weak unstable length 

(34) \7\xv,t:= f \X\+e-' [ \V\ . 
There exists a constant Cg > such that, for any /x 7^ 1/4, 

Cs 1 + h\xv,t 



(35) 



< 



\B^\\-s exp(if^t) ' 
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while for = 1/4, 

C,il + t){l + \-f\xv,t) 
\\B^\\-s exp(|) 

C,(l + t) {l + h\xv,t) 
\\B^\\^s exp(|) 

For all Casimir parameters fi G M+, the following bound holds: 

(37) |/3±(7)| < ^^(1 + [\X\+ [\U\+ [ \V\) . 

II II — s J 'y J 'y 

Proof of Theorem [ZT] The argument is a refinement of tiie metiiod of (TT\, §5.3. 
Tlie main teclinical improvement consists in replacing tiie difference equations of 
|[T2l by ordinary differential equations. Here we also work in the more general 
setting of currents instead of distributions. 

For any s > 3/2, consider the decomposition of the current 7 G ^^^{SM) 
given by integration along a rectifiable arc. By definition we have: 

(38) 7 = 23-^(7) +3^-^(7). 

We are interested in the evolution of this decomposition under the action of the 
geodesic flow. By the group property of the geodesic flow {gt} and by formula 
(|38] ). for any t, r E M we obtain: 

(39) g^^^j = g:^-'{gh) + 9;^-'{gh) = ^-'(g^+rl) + ^-'(gUrl) ■ 
By projection of dUl under : Vf^^SM) 'B^\H^) we therefore have 

(40) 23;^(<7iV7) = gl'B-^igh) + T^-' gl^R'^ {gl^) . 

We would like to differentiate the above identity (|40] | with respect to the param- 
eter r G M. That is made possible by the following technical result whose proof 
we postpone until §§ 15.21 

Lemma 2.4. For any s > r > 7/2, for any rectifiable arc 7 in SM and for 
any irreducible component C L?'{SM) of Casimir parameter /i S M \ {0}, 
the current 3?^*(7) G Q^^{H^) has a unique continuous extension 31^*'"'^ (7) S 
Qi^{Hfj_) and the following uniform bound holds. There exists a constant Cr^s > 
such that 

|IV"'WII-r<C.,.(l+ [\X\+ [ \V\). 

J ^ J -y 

Now, assuming Lemma [Z41 we conclude the proof of Theorem 12. II 
Let s > 9/2. By Lemma[231 the current "k^^-i) := 3^^^'"'^''^^^(7) is well- 
defined, and the following limit exists in the Hilbert space Oj~*(i7^): 

r— >-0 T 



/3V4(7) 



[a 



1/4,- 



+ 2"l/4,- 

exp(f) 



^174(7) 



a 



1/4,. 



.(5:7) 



exp(|; 
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Thus, by differentiating (1401 ) with respect to r at r = 0, we obtain, for all i E M, 

(41) l^^'^^t ^) = ^^^;'(5r7) + S;«£x%T'(5t*7) . 

We now write the above differential equation in coordinates. We write 

If /i 7^ 1/4, by Lemma |2!2] and equation (|4TI ) we obtain the following formulas: 

(43) " + ^M--^ ' 
If /X = 1/4, we obtain the following formulas: 

(44) 4 = - a -}) + ^'--^ 



By writing down solutions of the above O.D.E.'s we conclude that, for 7^ 1/4, 







while for /i = 1/4, after some elementary calculations, 

«V4,-s(*) + i«v4,-.(*) 



exp(l) «i/4,-.(0) 



(46) 



We conclude the argument by proving that the integrals in formulas (1451 ) and 
(|46l ) are absolutely convergent (as t — )• +00) and are absolutely and uniformly 
bounded in terms of the transverse lengths of the rectifiable arc 7 in SM. 

Since M is a compact hyperbolic surface, the Casimir spectrum of the standard 
unitary representation of SL{2, M) on L?'{SM) is discrete. Thus, by the distorsion 
Lemma 123] and by formula (|42] |. for all s > 9/2 there exists a constant > 
such that, for all /i G M"'', the following estimate holds: 

(47) \pI_m < 7r3^ wLx^-^igm-s < jr3— n-/i9m-s+i , 

W-tjfi II— s II-"m II— s 

hence by Lemma f2A\ there exists a constant C'g > such that 

(48) < — ^ (1 + / |1| + e-* / . 

||i)^ II —s ^7 J -y 



The above bound (1481 ) immediately implies that the integrals in formulas (1451 ) and 
(|46l ) are absolutely and uniformly bounded and convergent (as t — )• +00), hence 
the hmits in the left hand side of both formulas exist. The bound (l48l ) also imphes 
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that such limits are independent of s > 9/2. In fact, by the distorsion Lemma 1231 
and by Lemma 1241 for any s > r > 9/2 there are constants Cs, Cs,r > such 
that, for any rectifiable arc 7 and for all Casimir parameters fi > 0, 

|d;_,(t) - a±_,,(0| < V(5r7) - V(5r7)ll-s 
^^^^ = C,\\Jl;%g;^) - V(5r7)ll-s < CsA^ + j\X\+ e-* / \V\) . 

Thus the limits (5^ (7) of formulas (l32l ) and (l33T l exist and are well-defined and the 
speed of convergence is correctly given by the estimates in formulas (1351 ) and (|36] |. 

Finally, the bound in formula (|37| | follows from the estimate (1481 ) and the follow- 
ing bound. By the distortion Lemma 123] and by the Sobolev embdedding theorem, 
there exist constants C", C"' > such that, for all Casimir parameters fi > 0, 

/~ilt r^lit ['11' 

\a%.M\ < IItII-s < —ir- (1+ \X\+ \U\ + \V\). 

W-^fi \\—s \\—s J 'y J 'y J 'y 

The proof of Theorem 12. H is therefore complete. □ 

2.5. Proof of the main properties (Theorem ll.il) . The proof of the theorem re- 
quires a stronger estimate on the current than the one given above in Theorem 
12.11 The following result is a crucial step in that direction as well as in the proof of 
the invariance under the unstable horocycle. 

For any rectifiable arc 7, let r^s(7) be the set of all rectifiable arcs obtained 
projecting the arc 7 under the unstable horocycle holonomy on any leaf of the weak 
stable foliation of the geodesic flow. The weak stable foliation of the geodesic flow 
is the 2-dimensional foliation tangent to the integrable distribution {X, U} in the 
tangent bundle of SM. 

Lemma 2.5. For any /x G W^, for any rectifiable arc 7 and any £ T^js (7), 

/3^(7)=/3^(7»s). 

Proof. For any G ^wsij) and let D{'~iws,l) be the surface spanned by the 
trajectories of the unstable horocycle flow projecting 7 onto 7^^. The surface 
D{'~iws,l) is the union of all unstable horocycle arcs / such that the boundary 
of / is contained in 7^^ U 7 and the interior of / is disjoint from 7^^ U 7. The 
surface Z)(7„,s, 7) defines by integration a current of dimension 2 (and degree 1). 
Let g-tiriws) and g-til) be the rectifiable arcs which are direct images of 7^^,^ and 
7 under the diffeomorphism g^t '■ SM — SM respectively. By definition the arcs 
g^tilws) and g-t{l) are respectively the support of the currents g^^ws and gl^. 
By definition we have the following identity of currents 

5t^(7t«s,7) = D{g_t{lws),g-t{l)) ■ 

Since the current 9D(7^s, 7) — (7 — 7w,s) is composed of two arcs of orbits of the 
unstable horocycle flow, it follows that 

(50) d[gtD{j^g, 7)] - {glj - g^-f^s) = g*t[dD{-i^s,l) - (7 - Iws)] ^ . 

□ 
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Lemma 2.6. The area of g-tD{^u)s, 7) uniformly bounded for all t > 0. 

Proof. For p G 7, let r(p) > be the length of the unstable horocycle arc lying in 
D := D{'^ws,l)- By construction the function r : 7 — )• M+ is continuous, hence 
:= sup{r(p)|p € 7} < +00. We write 

(51) D=\J U hXip). 

PG7Te[0,r(p)] 

whence, letting dl be the length parameter on SM, for the area of D we may write 

(52) Area(i:>) = j rdl . 

7 

Since, by formula (|5TI ). for any t G M, 

9-iD= U U ^^r{p), 

PGg-t7Te[0,e-*T(p)] 

and, since Length(gf_f7) < e*Length(7), by formula ( [52l ) we have 

(53) Avea{g^tD) = j e~*Tdl < r^e"*Length(5r_t7) < T7Length(7) , 

thus the lemma is proved. □ 



It follows from Lemma l2?6l and formula (|50] | that for any s > 7/2, 

s^vWali - aliwsW-s < +00, 

t>0 

hence by continuity of orthogonal projections 

sup|aj (7)-aJ (7^,)| < +00. 
t>o 

The statement of the Lemma now follows immediately from the definition of the 
currents in the statement of Theorem 12. II 
We return to the proof of Theorem 11.11 

Additivity. It follows from the definition of in the statement of Theorem 12. 11 
and from the linearity of projections. 

Geodesic Scaling. It follows immediately from the definitions in Theorem 12.11 
and from the group property of the geodesic flow. In fact, for any /x / 1/4, 
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For n = 1/4, the geodesic scaling properties of the current ^^^^ can be proved as 
above (as for /x / 1/4), while for the current Py^, the following holds: 

Pi/^ig-a) = iim ttn 



(55) =62 lim 



(«V4,-. + i"l/4,-J(5r7) 



T^+oo exp(^) 

= (/3i%(7) - l^y.il)) ■ 

Unstable Horocycle Invariance. It follows from Lemma 12.51 In fact, for any 
rectifiable arc 7 and for any t > 0, the arcs 7 and hf (7) have common weak stable 
projections. In other terms, the identity T^sij) = '^wsihY'j) holds by definition. 
Let then 7^^,^ G '^wsil) = Tws{hY'j)- By Lemma 1231 we have: 

/3^(/ir7) = /3^(7^s) = /3^(7)- 

Holder property. Let 7^,5 be any rectifiable arc contained in a weak stable manifold 
of the geodesic flow and let 



t = \og{j \U\). 



By construction the transverse lengths of the rectifiable arc 7«;s(t) := gt{lws) 
satisfy the following properties: 

j \X\= I \M and / = 1- 

Thus by Theorem 12. H and by the geodesic scaling properties of the finitely-additive 
measures /3^, the following bounds hold: for all s > 9/2 there exists a constant 
Cs > such that, for /i 7^ 1/4, the following bound holds: 



l/3^(7«,.)l=e'^*l/3^(7».(t))| 



(56) c. 



<^P^(1+/ l^l)(/ 1^1)^ 



l=FRe ly 



for /i = 1/4, the following bounds hold: 

^^■7^ 11^1/411— s •'7-iiis J^ws 

< ii„^^ii (1+/ \m[ \u\)-^. 

11^1/4 II -S J Iwa J -y-ws 



28 



ALEXANDER BUFETOV AND GIOVANNI FORNI 



We recall that we adopt the notation 

L5+ = L5(l + |logL|), forallL>0. 

Let now 7 be any rectifiable arc. By the SL{2, M) commutation relations, there 
exists a rectifiable arc G r^^.^ (7) such that 

(58) / \X\< I \X\+ I \U\ I \V\ and / \U\ = [ \U\ . 
It follows from estimates (|56l ) and (|58] ) that, for ^ / 1/4, 

while for ^ = 1/4 (i/ = 0), by estimates ([57]) and (l58l) . 

'^■'^<--'|^pS^O"/i^|"/'"|/'*'|) {Iff- 

By Lemma [231 the above bounds immdediately implies the Holder property stated 
in Theorem ll.il which is therefore completely proved. 

2.6. Proof of weak unstable vanishing (Corollary ll.ll l. On one hand, by the 
geodesic scaling property of Theorem 11.11 for any rectifiable arc 7 in SM 

/3±(7) = exp(-l±^t)/3±(5-t7); 

on the other hand, for any rectifiable arc 7^,^ contained in a weak unstable manifold 
for the geodesic flow, by the Holder property of Theorem 11.11 

|/3±(ff_t7«,.)| <C^(l + ^|X|) . 
It follows immediately that $^{'ywu) = as stated. 

2.7. Proof of existence of dynamical projections (Corollary 11.21 ). For any r > 

0, let Tif^SM) C ^li^{SM) be the closed subspace of basic currents for the 
stable horocycle foliation, supported on irreducible unitary representations of the 
principal and complementary series, and let 25^' : i^^^'{SM) — )• 'Bf{SM) be the 
orthogonal projection. 

By definition (see formula (OTIl ). the orthogonal projection 'B^^{g^^) is given 
by the formula: 

/xeSpec(n)nR+ 

By Lemma [2!2] we have that, for Casimir parameters /i G IR+ \ {1/4}, 

5l,(S^)=exp(-i^t)5±, 
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while for = 1/4, 

It follows then from Theorem 12. II that the series 

(59) gW^X'^ah) = Yl &l_Mi)9-tBX + a-_Agh)gltB, 

AieSpec(n)nR+ 

converges in the distributional sense as t ^ +oo to the series 

(60) 5(7)= Yl /3^(7)5^ + /3;(7)i?;- 

/^eSpec(n)nR+ 

In fact, by Theorem 12. 1 1 there exists a constant C > such that, for all s > r > 
9/2, for all Casimir parameter fi > and for all t G M+ the following bound holds 

\»tM9m\9*-tB^\\-s < C^^^^ . 

W-tJ/i II— r 

The dual Sobolev norms in the above estimate can be compared as follows: since 
the distributions D"^ £ '^'{H^) for all /i > 0, for any cj G M+, 

(1 + /.)t \\D^\U = \\{I + ^f^D^\U < \\Dj^\\-s+a ■ 

By the Weyl asymptotics for the Laplace-Beltrami operator on a compact hyper- 
bolic surface, for any a > 1, 

E 

/igSpec(n)nIR+ 

hence for every s > r + 1 > 11/2 the series in formula (l59] l is absolutely uniformly 
convergent to the current B defined in formula (l60l ) in the Sobolev space of currents 
il]^*(S'M). Finally, by the uniform convergence of the series in formula (l60l ). 
all the properties of the current -6(7) stated in the corollary (additive property, 
weak unstable vanishing, unstable horocycle invariance ad Holder property) follow 
from the corresponding properties for the finitely additive measures (3^ (7) stated 
in Theorem II. H and Corollary 11.11 



1 + /U 



< +00 



3. Additive Cocycles and Limit Distributions. 

In this section we prove our results on additive Holder cocycles for the horocycle 
flow (Theorem ll.2l ). We then derive the approximation theorem (Theorem 1 1.3 1 ) and 
our results on Umit distributions of ergodic integrals of the horocycle flow. 
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3.1. Proof of the cocycle theorem (Theorem [LH). Let us recall that the functions 
are defined in terms of the finitely additive measures on 
rectifiable arcs. For any (x, T) G SM x M, let 7{/(a;, T) be the oriented horocycle 
arc 

7f/(x,r) :={h\^ix)\tG[0,T]}. 
For every Casimir parameter > 0, let 

P^ix,T) :=/3±[7f;(x,r)]. 

By Corollary [T3] we derive the following approximation results for functions sup- 
ported on a single irreducible component. For functions supported on the comple- 
mentary series we have 

Corollary 3.1. For any /x G (0, 1/4), there exists > such that the following 
holds. Let f G W^{H^) (s > 11/2) be any function such that D^{f) ^ 0. Then 

Let f G W^^Hfj^) (s > 11/2) be any function such that Dj^{f) = 0, but 
D+{f) / 0. Then 

max I — J—— TT / f o h'i/ (x)dT — (qtx,T)\ = 0(exu(—ent)). 

T€m^D+if)expi^t) Jo ' l-^.\yt , n V M ;y 

For functions supported on the principal series we have 

Corollary 3.2. For all fj, > 1/A, there exists > such that the following holds. 
For any function f G WiH^) (s > ll/2j. 



max 
Te[o,i] 



If ut 

K^IT / f°h'/ix)dT - p+{g^x,T)D+U)^M-^) 
exp(§) Jq ^ ^ 2 

-/3;(5tx,r)D;(/)exp(^)| = 0(exp(-e^t)) . 



For ;U = 1/4, there exists e > such that, for any f G W^{Hi^4/) (s > 11/2), 

Ml 



max |(^-^ / / o h^{x)dT - f3+^{gtx,T)D+^if) 



rG[o,i] exp(|) JO 

-Py,{gtx,T)[D^^^if) - = 0(exp(-rf)) . 

We proceed with the proof of Theorem 11.21 

Cocycle property. It follows from the additivity property of the measures 
and from the cocycle properties of horocycle arcs: 

7(x, S + T)= 7(x, S) U 7(/is X, T) , for all (x, S, T) G SM x . 

Geodesic scaling. It follows from the geodesic scaling property of the measures 
/3^, since by the commutation relation 

g-aix, T) = jig-tx, Te*) , for all (x, T, t) e SM xR^ . 
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Holder property. It follows from the Holder property of the currents (3^. In fact, if 
7 := 7(x, T) is a stable horocycle arc, then 



U\ = \T\, X = V = 0. 

J 'J J -y 

Orthogonality. Take T G M. By Corollaries O and O the function (3^{-,T) is 
the uniform limit of normalized ergodic integrals, i.e., continuous functions lying 
in the space H^, and so the function T) must itself belong to C L'^{SM). 

3.2. Proof of the approximation theorem (Theorem |1.3l l. For all rectifiable arcs 
7 C SM and for all Casimir parameters // > 0, let ^^(7) G 'B^''{SM) be the 
basic current defined as follows: 

It follows from the bounds (|35] ) and ( [36l ) in Theorem 12. 11 that, for any r > 9/2 
there exists a constant > such that, for all t > 0, 

(61) ||(V°5n(7)-(^M0 9n(7)ll-r< Cr{l+ [ \X\ + e-' [ \V\) . 

By Lemma 1241 and from the splitting formula (1381 ) there exists a constant Cj. > 
such that, for all t > 0, 



(62) ||(V°5r)(7)-5r(7)ll-r<C;(l+ / |X|+e-* / \V\) . 

J ^ J ^ 

Let 7+ denote the projection of the current 7 onto the components of the princi- 
pal and complementary series. By orthogonality and by the Weyl asymptotics for 
hyperbolic surfaces, for any s > r + I, there exists > such that 

(63) \\gni+) - {B o g*){j)\\_, < Cs{l+ [ \X\ + e-' [ \V\) . 

Taking t = 0, we obtain Theorem ! 1.31 In fact, for any 1-form A G fif (SM) (s > 
11/2) supported on the irreducible components of the principal and complementary 
series we have 

(64) I / A - Sa(7)| = I < 7+ - ^(7), A > I < C,||A|U1 + [ \X\ + [ \V\) . 
The proof is complete. 

3.3. Proof of the limit theorems: complementary series (Theorem |1.4| |. We 

now assume that our hyperbolic surface admits complementary series, that is, the 
spectrum of the Laplace operator has eigenvalue in the open interval (0,1/4). 
Let s > 11/2 and consider smooth functions with non-trivial projection on the 
complementary series components. Let fif G (0, 1) be the smallest Casimir pa- 
rameter appearing (non-trivially) in the decomposition of a zero-average function 
/ G C°°(S'M). Let Uf := ^1- 4^/. Let Hi,...,HkC L'^{SM) be the collec- 
tion of all irreducible components of Casimir parameters /^i = • • • = /^a; = A*/ and 
let {of, . . . , D"^} be the basis of eigenvectors of the geodesic flow of the space 
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of invariant distributions supported on W^{Hi © • • • ® Hk) and let . . . , : 
SM X M — )- C be the corresponding cocycles for the horocycle flow. 

The main step in the proof is the following approximation Lemma which imme- 
diately follows from the approximation theorem (Theorem II .SI ). 

Lemma 3.1. There exists a > such that the following holds. For every s > 11/2 
there exists a constant Cg > such that, for every function f £ W^{SM) of zero 
average, for all (x, T) G SM x R and t > 0, 

^ / f oh'i{x)dT - Y,Dr{f)^r{^gtx,T)\<CMse- 
Jo ~1 



-at 



The cocycles , . . . , (in fact, all cocycles have zero average but ai^e 
not identically zero on SM. It follows that, for alH G {1, . . . , A;}, we have 

||/3-(-,r)|| ^0, foralirGlR\{0}. 

By the orthogonality property of Theorem II .21 the random variables 

/3r(-,T),...,/3-(.,r) 

are orthogonal (uncorrelated). By Lemma ISTl for any s > 11/2 and for any func- 
tion / E W'iSM) of zero average such that (-Df (/), . . . , D^{f)) / (0, . . . , 0), 
we have 

U fohY{x)dt\\ 



(65) 







^* (EtiiA-(/)Pii/5r(-,r)ir''^' 



-at 



Finally, by Lemma |3?T] and by definition of the Levy-Prohorov metric Q, for all 
T e [0, 1] and all t > 0, we have 

(66) f^Lp(9JTt(/,T),P,p(/,r)) <C,||/||,e-"*. 

The Theorem is proved. 

3.4. Proof of the limit theorems: principal series (Theorem 11.51 1. We turn next 
to limit theorems for functions supported on the principal series. We prove our 
main theorem (Theorem II. 5 l l on the asymptotics of probability distributions of nor- 
malized ergodic integrals and derive our conditional results on the uniqueness of 
the limit distributions (Corollary ll.4l and Corollary II. 5t . 

Let us recall that, by construction, for any Casimir parameter ^ > 1/4, 

D- = D+ and /3;=^. 

It follows that for any real-valued function / G W'^{H^), 

^f{x,T) =Re[I?+ (/)/?+ (a;,r)], for all (x,r) G x M . 

Let {/in} be the sequence of Casimir parameter in the interval (1/4, +oo) (listed 
with multiplicities), let {D^^} denote the sequence of normalized horocycle in- 
variant distributions and let denote the corresponding sequence of additive 
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Holder cocycles. For any sequence z E £^(N, C), let /?z : SM x M M be the 
Holder additive cocycle for the horocycle flow defined as follows: 

(67) /3, := ^nPU = + ) . 

7i6N neN 

It follows from Theorem II .21 in particular from the uniform bound on additive co- 
cycles given in the Holder property, that the series in formula (l67l) is convergent 
for any z G £^(N, C), hence the additive cocycle /J^ is well-defined. By the or- 
thogonality property of the system {/3^„} of additive cocycles, it follows that, for 
any z G ^^(N, C) \ {0}, the zero-average function I3j^{-, T) is non-constant, hence 

||/3,(-,r)|| /O, foralir>0. 

Let s > 11/2. For any real-valued function / € VF'^(S'M) supported on irre- 
ducible components of the principal series, we have 

(3j{x,T) = Re[J]Z)+ (/)/?+ (x,T)] , for all {x,T) gSMxR. 

Theorem 11.5 [ follows from the following lemma that can in turn be derived from the 
approximation theorem (Theorem II. 3 l l. For all n G N, let f„ := -v/^Mn — 1 G IR^- 

Lemma 3.2. For every s > 11/2 there exists Cs > such that, for any real-valued 
function f G W^{Hf^) supported on irreducible components of the principal series, 
for all {x,T) G SM x M and t > 0, we have 

.t 

■ foh^{x)dT-Re[^DXM)e'^(3U9t^^T)]\<Cs\\f\\se-'^. 

ngN 

By Theorem II. 5 I for real-valued functions supported on the principal series limit 
distributions exist along time sequences such that the orbit of the toral translation 
of frequency v/2 £ on the infinite torus T°° converges. Conjecturally the 
limit does not exist otherwise. However, we are not able to prove that the limit 
distribution does not exist for any function and any time sequence. Nevertheless, 
as a straightforward consequence of Theorem 11.51 we derive the following result. 

Corollary 3.3. Let f G C°°{ SM) be any real-valued function supported on the 
irreducible components of the principal series. If the family probability distribu- 
tions ^tif, T) has a (unique) limit as t ^ -\-oo for some T G [0, 1], then for all 
T G [0,1] the family of probability distributions Ppr{f,-,T) is constant on any 
minimal set of the linear flow of frequency v/2 £ R°° on the infinite torus T°°. 

Finally, Corollary 11.41 and Corollary II. 5 1 follow from the above Corollary 13.31 
and, respectively, from Lemma |5?8] and Lemma [J!9] in Section |5^ 

By Theorem 15.21 proved in Section 15.31 for every n G N there exists ^* G T 
such that the cocycle /3„ := e*^"/3^^ has the property that, for all T G M, 

(68) <^n{;T)M;T) >=e2*^" </3+ (•,r),/3^J.,r) >G M+ . 

Let us assume that there exists a real- valued function / G W'^{SM) supported 
on finitely many irreducible components Hi, ... , Hm of the principal series such 
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that, for some T > 0, the probabiUty distribution Ppr{f,-,T) is constant on a 
(i-dimensional subtorus T*^ of the infinite dimensional torus T°°. If the Casimir 
spectrum is simple on © • • • © Hn, then there exist distinct integral vectors 
v^^\ . . . , f G M.^ such that the probability distributions of the random variables 

\\MEk=i\Dt{f)\e'<''"''''>M;T)]\\ ' 
does not depend on 6* G T'^. By formula (1681 ). we have 

Al :=||Re/3fc(-,T)f > bI := \\lm (3ki;T)f ; 
<Re/3fc(-,T),Im/3fc(-,r) >=0. 
Thus by the orthogonality property, a calculation yields 

■m 

l|ReE|I?+(/)|e^<''''=''^>/3,(.,T)]||2 = 

(71) 

fc=i 

hence Lemma 15^ and Lemma [S!9] in Section [5^ do apply to the family of proba- 
bility distributions in formula (|69] l. Corollary 1 1.4 l and Corollary 11.5 I foUow. 

4. Duality and Classification. 



In this section we prove the duality theorem (Theorem |1.71 i and we derive the 
classification theorem for finitely-additive measures on rectifiable arcs (Theorem 
I1.8I ). We conclude with a short discussion of the relations between finitely additive 
measures on rectifiable arcs and the induced cocycles for the horocycle flow on one 
hand, and invariant conformal distributions on the boundary of the Poincare disk 
(see [9]). 

4. 1 . Proof of the duality theorems (Theorem 11.61 and Theorem ll.7l l. Recall 
that any 1-dimensional, finitely-additive measures can be naturally interpreted as 
currents of dimension 2 (and degree 1). 

Lemma 4.1. For any 1-dimensional, finitely-additive measure (3 G 5Sy(S'M) there 
exists a V -invariant distribution Dp £ Jy(S'M) such that we have the following 
identity of currents: 

Proof. Let j3 G !By(5M). We recall that the 2-dimensional current /3 is defined 
by Riemann integration as follows: for all smooth 2-form G Q.'2'{SM), 



(72) < /3,7? >:= j 13 ®r]. 

SM 

By the weak unstable vanishing property (property (2) in Definition ll.il ). the cur- 
rent j3 has zero contraction on the vector fields X, V. In fact, for any smooth 
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3-form oj on SM, the restrictions of the 2-forms ix^jJ and lyoo to any leaf of the 
weak unstable foliation (tangent to the integrable distribution {X, V}) vanish. It 
follows that, for all smooth 3-form uj on SM, 



<ix^,uj>= J l30ixuj = O; 

SM 
SM 

Since the dual forms {X, U, V} yield a frame of the cotangent bundle, it follows 
from the identities tx$ = tv$ = that there exists a distribution Z)^ G D'(S'M) 
such that 

(73) $ = DpAU. 

In fact, any current of dimension 2 and degree 1 can be written as a linear combi- 
nation of the 1 -forms {X,U,V} with distributional coefficients. 

We claim that the distribution Z)/3 is F-invariant. By the property of unstable 
horocycle invariance (property (3) in Definition 11.11) the current /3 = Dp A {/ is 
invariant under the unstable horocycle flow {hY}, hence 

(74) = Lv{D(3 AU) = AU + D,3^ {LyU) . 
A straightforward calculation yields LyU = 0. Indeed, first write 

LyU = lydU + dlyll = lydU . 
By a standard formula, for any pair of vector fields Wi, W2, we have 

dU{Wi,W2) = WiU{W2) - W2U{Wi) - U{[Wi,W2]) . 

Recall that U, being the infinitesimal generator of the stable horocycle, satisfies the 
commutation relation [X, U] = U (see ([T|l), whence 

dU{X, U) = 1 and dU{X, V) = dU{U, V) = . 

We have derived the identity 

(75) dU = -X AU, 

which implies that LyU = lydU = 0, as stated. 

Formula (1741 ) then implies that ^yDp AU = 0, hence f^yDp = 0, that is, the 
distribution Dp are ^-invariant. □ 

We now complete the proof of the duality theorem (Theorem II. 71 ). By Theorem 
11.11 and by Corollary 11.11 the measures 13^ belong to the space ^y{SM). By 
Lemma l4~n there exists ^/-invariant distributions D^ G "JyiSM) such that 

Finally we prove that the ^-invariant distributions D^ are eigenvectors for the 
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action of the geodesic flow. An immediate computation yields 

g*{U) = e'~^U, foralltGM. 
By Theorem ll.il for 7^ 1/4, we have the following identity of currents 

g; (/3±) = exp(- , for alH G M , 
while for = 1/4 (z/ = 0) and all t E M, we have 



It follows that, for /i 7^ 1 /4, 



^r^^ = exp(i^t)Z)± , for all t G M , 



and finally, for /x = 1 /4 and all t E M, 

The proof of the duality theorem is complete. 

Remark 4.1. The currents (3^ are not closed! In fact, for all fi ^ l/Awe have 

(76) d/3± = ^i^/3±AX 

and, for fi = 1/4 (v = 0), we have 

Proof. By dT?] ). since Z)^ are F-invariant distributions, for 7^ 1/4 we have 

d(£>;^ A ?7) = dD^ AU + Df^ AdU 

(78) n =r jy] 

= {LxD^ - b^)X AU= ^-J^{b^U) A X , 



which is precisely formula (176] !. Similarly, for ^ = 1/4, 

AU) = {Cxb+^ - b+^)x AU = {\d^/Jj - \d-^JJ) a X , 
d{D-^^ AU) = {Lxb-f^ - b-f^)x AU = lib-^^u) A X , 

which yields formula dTTl l. □ 
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4.2. Proof of the classification theorem (Theorem [LSl l. By Lemma 14. 1[ for any 

/3 G ^v{SM) there exists a F-invariant distribution D/s G JyiSM) such that the 
following identity holds in the sense of currents: 

/3 = i?^ A [/ . 

By the Holder property (property (4) in Definition ll.il) . there exists a > and a 
constant C > such that for any rectifiable arc 7 of length not exceeding 1 we 
have 

\P{ga)\ <Ce-''\ foralltGM. 
It follows by the above formulas that for all s > 3/2 there exists Cs > such that 

(80) \\gtDf}\\-s< C,e(^~")* , for alH G M . 

The results of |j T2l yield a complete classification of all U -invariant and, equiva- 
lently, of all F-invariant distributions by constructing a basis of generalized dis- 
tributional eigenvectors for the action of geodesic flow on 3u{SM) and 3v{SAI). 
For any F-invariant distribution supported on an irreducible subrepresentation 
of the discrete series of Casimir parameter fi = —v? + n (n G Z+), the action of 
the geodesic flow is given by the formula (see ||T2l) 

c/;Z>^ = e"*Z>^ , foralltGM, 

which is not compatible with the bound in formula (ISOl l for t > large. It follows 
that the distribution Dp G Jy(5M) is supported on irreducible unitary subrepre- 
sentations of the principal and complementary series. 

By the duality theorem, for any s > 3/2, there is a bounded (in fact, isometric) 
linear map 3 from the span !B^(S'M) of the system 

G Spec(n) n M+} c n^'iSM) 

into the Sobolev space W~''^{SM). The map 3 is defined as follows. For a current 
G S^(5M) introduce a current 

J(/3±)=XA/3±AF. 

It is immediate from the definitions of the Sobolev norms that the map 3 is iso- 
metric on the system {/3^|/i G Spec(n) n M.~^} with respect to the Sobolev norms 
on the space Q2^{SM) of 2-dimensional current into the space W~^{SM) of 
distributions, hence it can be extended by linearity and continuity to an isometry 
defined on the space "B^ (5M). We claim that the range of the isometry 3 coincides 
with the space 3y^{SM) of all ^-invariant distributions supported on the princi- 
pal and complementary series. In fact, the map 3 is injective, hence by a dimen- 
sion argument it is also surjective from the finite dimensional space S^(5M) := 
S^(5M) n n^'iHf,) onto the space J^_^(5M) := 3v{SM) n W-'{H^), for any 
fixed Casimir parameter fi G Spec(n) n M"*". 

We can thus conclude that, since for every functional /3 G 'By{SM), the distri- 
bution D/3 G 3lr_^{SM) and since the isometry 3 maps S^(S'M) onto 3^_^_{SM), 
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the image 'By{SM) of the space "ByiSM) in Q^^SM) coincide with the span 
'B%{SM) of the system {/3^|/x G Spec(n) n M+}, as stated. 

4.3. F-invariant conformal distributions. We now describe the relation between 
the finitely additive measures (lifted to the Lobachevsky plane) and the F- 
invariant conformal distributions on the boundary of the Poincare disk. 

Let L denote the Lebesgue measure on the circle seen as the boundary of the 
Poincare disk D. Given a Fuchsian group F, let 

be the Radon-Nikodym multiplicative coycle for the action of F on {S^,L). 

Given any complex number o" G C, following S.Cosentino f9l we let ^V^{S^) 
be the space of F-invariant conformal distributions with exponent a, that is, those 
distributions 4> G D'(S^) such that 

9(t> = Pg" ■ <t> , for any 5 gF. 

As explained in there is a natural (linear) identification between F-invariant 
conformal distributions of exponent cr G C and invariant distributions for the sta- 
ble/unstable horocycle on the quotient T\PSL{2, M) which are eigenvectors of the 
geodesic flow of eigenvalue a — 1. 

In fact, let , hY denote the stable, resp. unstable horocycle subgroups of 
PSL{2, R). To any [/-invariant [F-invariant] distribution Du [Dy] on the space 
F\PS'L(2,M) there correspond F-invariant distribution Du [Dy] on the space 
of stable [unstable] horocycles PSL{2,R)/h'^ [PSL{2,R)/h^l (by the the so- 
called KAN decomposition of P5L(2,M) such space can be identified with the 
space KA). If Du [Dy] is also an eigenfunction of the geodesic fiow of eigenvalue 
C7 — 1, by the natural identification KA = x R one can write 

D^ = cj)jj0 e'^^dt and Dy = (py ® e^^^dt 

(the parameter t G M denotes the geodesic arc-length) for some distributions (/>(7, 
4>y G T)'{S^). This decomposition follows from the fact that the Lebesgue mea- 
sure is the only translation invariant distribution on M up to constant factors. It can 
be checked that (pu and ipy G ^T)'^{S^) since Du and Dy are F-invariant. 

Conversely, given (f) G ^Ti'^{S^) one can check that (j) (g) e'^^dt is a F-invariant 
distribution on KA = x R, hence a F-invariant distribution on the space of 
stable [unstable] horocycles, PSL{2,M)/h^ [P5L(2, M)//i^] (which can both be 
identified to KA). It follows that the distribution 

(81) (t)®e''^dtCddh^ [(p (g) e"''^dt (g) dh^] , 

appropriately defined on P5L(2,M), is F-invariant, /i^-invariant [/i^-invariant] 
and projects to a /i^-invariant [/i^ -invariant] distribution Dfj [Dy ] on the mani- 
fold F\PS'L(2, R). By Fubini theorem for distributions, it follows that 

gUDt) = e^^-'^'Dfj , and gUD^) = e^'-'^^^D^ , 

that is, Dfj [Dy] is an eigenvector for the geodesic flow of eigenvalue a — l[l — a]. 
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Cosentino (see ||9l, Prop. 1.2) proves the following result: 
Lemma 4.2. Ifcr(l — o") € \ {1/4} is a Casimir parameter, the map 



defines a linear isomorphism of the space ^T)'^{S^) of T -invariant conformal dis- 
tributions of exponent o" G C onto the spaces 3^ [3y ] of U -invariant [V -invariant] 
distributions, which are eigenvectors of eigenvalue a — 1 [1 — a] with respect to 
the action of the geodesic flow. 

Cosentino then derives a regularity result for invariant distribution from a theo- 
rem of J. P. Otal on the Poisson-Helgason transform. 

Theorem 4.1. ffOl, Cor 1.4) If a {I - a) £ M+ \ {1/4} is a Casimir parameter, 
the space ^D'^{S^) C C^''^''^-^{S^), hence T C C^<'^)-i(r\P5L(2,M)). 

(Let C"(S'^) be the space of all Holder functions of exponent a G (0, 1). Let 
C"~^(S'^) denote the space of all distributions in which are locally deriva- 

tives of functions in C°(5'^)). 

In the exceptional case = 1/4, the above construction yields a 1-dimensional 
subspace of the 2-dimensional space of ^/-invariant [^/-invariant] distribution, that 
is, the subspace of distributional eigenvectors for the geodesic flow. Cosentino 
proves that a second independent distribution can be constructed as follows. 

Lemma 4.3. For any T-invariant conformal distribution (j) £^ 'D'^ir^[S^), there 
exists a distribution (f)' G C"'"^ (S^) for any a < 1/2 such that the distribution 



is T-invariant and U -invariant [V -invariant] on PSL{2, M), hence it projects to a 
U-invariant [V -invariant] distribution on the manifold r\PS'L(2,M). 

The distribution cf)' is constructed in ||9] as the inverse Poisson-Helgason trans- 
form (the boundary value) of the function on the Poincare disk D given by the 
pairing of the distribution G^ Dy^{S'^) with the function on defined as 

P{z, •)^/^ log P{z, ■) in terms of the Poisson kernel P on D x S^. 

Let (p G ^Vy^iS^) be a F-invariant conformal distribution of exponent 1/2 

and let Dp^ G [ Dy~ G j|/ ^] be the [/-invariant [F-invariant] distribution 
defined as in formula (ISTI ). A direct calculations shows that formula ^ holds for 
the distributional vector {D^^^,D^^^) := {Dfj'^,Df/~) [formula dB} holds for 

the distributional vector {D+^, L)-,^) := D^")]. 



>^ .- 
u ■~ 



e-^^dt ® dh 



(82) 
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4.4. Proof of the correspondence (Theorem ll.9l l. By Theorem 11.71 there exist 
^/-invariant distributions D^, which are eigenvectors of eigenvalues —(1 it z^)/2 
for the geodesic flow, such that the following identities hold on SM, hence on 

P5L(2,M): 

(We remark that the distributions are here identified with currents of degree 
3 and dimension 0, acting on functions, and the 1-dimensional finitely-additive 
measures (3^ to currents of degree 1 and dimension 2, acting on 2-forms). 

By Lemma [421 it follows that, for 7^ 1/4, there exist F-invariant conformal 
distributions cj)^ of exponent cr^ := 1 — (1 ± v)/2 = (1 =F '^)/2 such that 

= dt®j3^® dh^ = dtA/3^ A dh^ = (t>^ ® e'^^dt ® dh^ ; 

for = 1/4 there exist a F-invariant conformal distribution (p of exponent 1/2 and 
a distribution cp' £ C°"^(5^), for all a < 1/2, such that 

1)+^ = dt0 (g) dh^ = (/)' (g) e'^dt (g) dh^ + ^e^^dt (g dh^ , 

^1/4 = dt® (g dh^ = (p® e~^dt (g dh^ . 
The statement of the theorem follows immediately. 

5. Proofs of Technical Lemmas. 

5.1. Outline of the section. In §§ l5.2l we prove the key estimate on coboundaries 
stated in Lemma [241 In §§ 15.31 we compute the inner products of the addi- 
tive cocycles coming from a single irreducible components of the principal series 
and establish a non-vanishing result (Lemma [5.2l i. In §§ 15 .41 we prove a couple of 
results on rotationally invariant measures (up to affine transformations) on com- 
plex Euclidean spaces (Lemma 15.71 and Lemma 15^ ). These results hold for the 
probability distributions of additive cocycles coming from irreducible components 
of the principal series by the above-mentioned non- vanishing result (Lemma 15.21 
of §§ 15.31 ) and are motivated by the conditional results on the existence of limit 
distributions (Corollary II .4l and Corollary 11.5 l in Section |3}. 

5.2. Estimates on coboundaries. We prove below the key Lemma l2!4l which is 
part of the proof of Theorem 12. 1 1 in Section |2] The subspace Ker(Jj^*(ff^j)) is 
closed in W^{H^) and we introduce the orthogonal projection 

As above let u = ^1 - 4^. Let := (1 -|- \Reu\)/2, that is, = 1/2(1 + u) 
for < ;U < 1/4; = 1/2 for /i > 1/4 and = n for ^ = —n? + n. 

Lemma 5.1. For any non-trivial irreducible unitary representation ofCasimir pa- 
rameter /i G M \ {0} and for any s > r > there exists a constant Cr^sil^) > 
such that the following holds. For any f € VF'^(-ff^) we have 

\\P^f\\r<Cr,smf\\r. 
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For any > \/A and for all s > r > 1/2, there exists a constant Cr^sifJ-o) > 
such that, for all ^ > /^o and for all f G 

||P;.^/||r<a,s(^0)||/||r. 

Proof. Consider first tlie case of tlie principal and the complementary series. Let 
X^{s) G (Ker(J-"(i7/,))^)^ C W'{Hf,) be functions such that 

D+{x-l,{s)) = D-{x-{s)) = l, 

Such functions exist since {D^,D^} is a basis for 3^^{H^) and, by defini- 
tion of the space Ker(J^*(i7^)), the functionals induce linearly independent 
functional on the 2-dimensional quotient space W^{H^)/KeT{3'[j'^{H^)). In fact, 
take a pair of functions {x~^,X~} C which project onto a dual basis 

of {D+,Dj;} under the projection VF'^(iJ^)/Ker(J^*(iJ^)) and de- 

fine x^{s) as the orthogonal projections onto Ker(J^*(i?^))-'- C W''^{H^) of x^ 
respectively. By construction we have 

(84) P'^f = f- D^iDx^is) - D^{f)x,{s). 

Indeed, by formula (1831 ) the right hand side of the formula clearly belongs to the 
kernel of both and, besides, if P^/ is defined by (l84l ). then we clearly have 
f-P^f ± Ker(J[^^(iJ^)). It follows that for any < r < s and for any function 
/ G the following bound holds: 

WP^fWr < ll/llr- + \\xtis)\\r\\D;U\\f\\r + WxH {s)\\r\\D- \\.r\\f\\r , 

and, since ||x^('S)||r < +oo for any r < s and D"^ G W~^{H^) for r > 
( lfT2l . Theorem 1.1 or Theorem 3.2), the proof is complete for the principal and the 
complementary series. 

The proof for the discrete series is similar, in fact simpler since in each ir- 
reducible component of the discrete series there is only one invariant distribu- 
tion (up to constant factors), and we only need one smooth function x^l-^) 
such that D^{x^,{s)) = 1 and Xm(s) ^ Ker(J-^(i/^)). We then write P'^f = 
f — Df^{f)Xfj.{s), and the rest of the proof is identical. 

It remains to be proved that the family of projection operators P^ extends to a 
uniformly bounded family of operators on W'^{H^) for > ;Uo > 1/4. 

As observed in the proof of Lemma 5.1 in |[T2l . if the Casimir parameter fi > 
/io > 1/4, for any r > 1, the distorsion in W~'^ (SM) of the system of distributions 
{D^, D~} stays bounded above (in other terms, the angle in W~^{SM) between 
Z)+ and D~ stays bounded below), and in fact this bound is uniform with respect 
to r > 1. Hence there exists a constant Cr^sifJ-o) > such that, for all r > 1, 

\\xi{s)\\r<CrAl^0)/\\D^\\-r. 

The above argument then yields the uniform bound on the norm of the operators 
P^ : WiH^) ^ Ker(J^^(i/^)) for /i > /io > 1/4. □ 
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Let US recall that we have defined 3?"^ : n];''{SM) Sf}'(5'M)-L as the 
orthogonal projection onto the orthogonal complement of the subspace of basic 
currents for the stable horocycle. For any irreducible component i/^ C L^(5M), 
of Casimir parameter fi G R\{0}, we have defined : S7^''(5M) ^i%H^) 
as the orthogonal projection onto the corresponding Sobolev space. We have then 
defined 3^-" = n-"o3?-« : ^^''{SM) as the orthogonal projection 

onto the orthogonal complement of the subspace of basic currents in QY'^{H^). 

Proof of Lemma f2A\ The argument is similar to the proof Lemma 5.5 in [12J. 

By Hilbert space theory, any current E "B^^SM)-^ C n^^iSM) (orthog- 
onal to the subspace of basic currents) has the following property: 

(85) 01~'{X) = , for any A e [Ker(S-"(i/^))]^ . 

In fact, the Hilbert space i^^^{H^) is defined as the dual space Ql{H^)*, which in 
turn is isomorphic to Ql{H^). Thus we have 

Ker(5'-^) = [Ker(5')]-^ , for any subspace S C ^i'{H^) . 

It follows that Ker['B-[j'{H^)-^] = [Ker(S^^(iJ^))]-L , hence, in particular, 

By the characterization of basic currents for the stable horocycle flow given by 
Lemma [ZTl the kernel Kev{'B'^'^{H^)) can be described as follows: 

(86) KerCBlj'iH^)) := {A = XxX + XuU + XvV\Xu G Kei{3^'{H^))} . 

By the definition of the Hilbert structure of the space Ql{SM) = WiSM)^, it 
follows that the orthogonal projection 11^ : — KeT{'B^^{H^)) can be 

written in terms of the orthogonal projection : W^{H^) — Ker(J^*(i?^)): 

(87) n^(A) = Ul,{XxX + XutJ + XvV) = XxX + P'^{Xu)U + XyV . 

For any A G ilf (i^^), since by definition 23^'^ (7) o = 0, by definition of 
3?~^(7) and by the vanishing established in formula (|85] ). 

(88) ^-/ii){X) = (Ji'^j) o np(A) = 7(n^(A)) . 

By 1121 . Theorem 4.1, since P^{Xu) G KeT{3^^{H^)), there exists a unique 
solution fx G W^{Hfj_) (for all r < s — 1) of the cohomological equation 

Ufx = P'^iXu). 

Moreover, for any < r < s and any p < r — 1, we have fx G W^{H^), and 
there exists a constant Cp^r, depending only on p, r such that we have 

(89) ||/A||p<Cp,,||P^^(At/)||.. 

Thus by Lemma 15.11 we can conclude that for all Casimir parameters / 0, for 
any < r < s and any p < r — 1, there exists Cs,p,r{fJ') > such that 

(90) IIMIp < Cs,pAf^)\\Xu\\r < Cs,pAf^)\\X\\r 
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and that for any fiQ > 1/4 and for 1/2 < r < s and any p < r — 1 there exists a 
constant Cs,p,r{fJ'o) > such that, for all p > po, 

(91) II/aIIp < Cs,p,r\\Xu\\r < Cs,p,rif^o)\\X\\r . 

Let X, y G SM be the endpoints of the arc 7. By the formula 
dfx = XhX + UfxU + VfxV, 
it follows that the following identity holds: 

(92) 7(n^(A)) = liiXx - Xh)X + {\v - Vh)V] + h{y) - h{x) . 
The above identity yields the following estimate: 

|7(m(A))|<(||Ax||oo + ||Ay||oo + M/A||oo)f / 1^1+ / II/1V2II/AII00. 



By the Sobolev Embedding Theorem, for any p G (5/2, s — 1), there exists a 
positive constant Cp{M) depending only on M such that 

||/A||oo + ||d/A||oc<Cp(M)||/A||p. 

We thus obtain that for any s > r > 7/2 and for all Casimir parameters ^ > 
there esists a constant Cr,s{l^) > such that, for all A G ilf (//^), 

I V (7)(A)I = i7(n^(A))i < a,s(M) {1 + j^\x\ + \y\) 

for any s > r > 7/2 and for any p^ > 1/4, there exists a constant Cr,s{fJ'o) > 
such that, for all p > po and for all A G Ql{SM), 

I V W = l7(n^(A))| < a,.(Mo) {1 + j^\X\+ \V\^ \\\\\r ; 

Since il\{H^) is dense in Q,\{Hp) for s > r, it follows that the distribution 
^^^(7) ^ ^I'^i^fi) has a unique continuous extension to the space 

n[{Hf,) such that 



n-/'-'{7){X)\\-r<CrAf^) [1 + JJX\ + JjV\j ; 
for all pq > 1/4, there exists a constant Cr,s{l^o) > such that for all p > pQ, 
(93) II V"'(7)(A)ll-r < a,s(^o) (1+ [\X\ + [ \V\ 



Since M is a compact hyperbolic surface, the Casimir operator of the standard 
unitary representation of S'L(2,M) on L?'{SM) has discrete spectrum, hence for 
any s > r > 7/2 there is a constant ^ > (depending only on r, s) such that, 
for all Casimir parameters p > and for every rectifiable arc 7 in SM, we have 

(94) ||V"'^(7)ll~r<c,,,(i + y^|x| + y^|y|) . 

Thus Lemma [Z41 is completely proved. □ 
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5.3. Inner products of cocycles. Cocycles which belong to different irreducible 
components are orthogonal. We compute below the inner product of the two 
complex-conjugate coycles which belong to a given component principal series 
type and prove that it is non-zero. 

Lemma 5.2. For any /x > 1/4 and any T G M \ {0}, the inner product 

</3+(-,T),/3;(.,r) >/o. 

Proof. The computation proceeds as follows. Let {/^, /^} € C°°{H^) be a pair 
of functions dual to the basis {D^,Dj^} of invariant distributions, that is, 

D^in = D-{f-) / , D+if-) = D-{f+) = . 
It follows from Corollary I3.2l that 

r-Te* /-Te* 

e-{i--)t < / 

(95) 



r (i-'^)* < / /+ o h^da, / f- 0h^dT> 
Jo Jo 



-D;if+)Djl{f-)<f]^{;T),(3-{;T) >=0(exp(-6^t)). 
Our goal is therefore to compute the asymptotics of the normalized inner product 

&TAf^, n ■■= e-^^-'^' / / <f+oh^,f-oh^> dadr . 

Jo Jo 

The above computation can be performed explicitly in the standard model for rep- 
resentations of the principal series on the Hilbert space 

In this model, the horocycle flow is represented by the group of translations, 
hence its infinitesimal generator is the operator d/dx. In general, the action of 
SL{2, M) on L^(M, dx) for the irreducible representation tt^ of the principal series 
is given by the formula: 



Hence the derived representation dvr^ of the Lie algebra s[(2,M) of SL{2,R) is 
described by the following formulas: 

d_ 
dx 



(96) d7rf,{V) = -x^-^-{l + u)x, 

>From the above formulas one can also deduce the formula for the representation 
of the generator of the circle action on the unit tangent bundle. In fact, since 
Q = U — V,we have 

dTT^e) = {l+x^)-^ + {l + iy)x. 
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A calculus exercise shows that, up to nomialization, the unique 0-invariant func- 
tion uq G C°°{H^) is given in the representation model by the formula: 

Mx) ■■= xGM. 

(1 + x^) 2 

It follows from the construction of the [/-invariant distributions in ||T2| . §3, that the 
following holds: 

Given any function /~ such that D^{f~) = and Dj^ (/^) / 0, we can therefore 
choose 

We will choose / to be represented by any function in C^(M) C L^(R, dx) 
with non-zero integral over the real line. In order to justify this choice we remark 
that the U -invariant distribution D~ is an extension to C°°{H^) of the distribution 
A ^ V (M) given by the average over the real line, while the [/-invariant distribu- 
tion vanishes identically on the (non-dense!) subspace C^(M) C C°°{H^). 
In fact, since are [/-invariant and the average A is (i7r^([/) -invariant, there 
exists constants G M such that 

= c^A on Co=^(M) C C°^{H^) . 

However, the following formulas hold in D' (R) : 

It follows that c+ = 0, since d7r^{X)D^ = -^±^1)+, and that / 0, that is, 
is, up to a non-zero multiplicative constant, an extension of the distribution 
A to C°°{H^). Hence for any function /~ represented by a smooth real- valued 
function with compact support and non-zero integral, 

!)+(/-) = and D-{r) = c-A{r)^Q. 
We remark that by Corollary |3.2| the normalized inner product 

£T,t(r,r):=e-(i-^)i / f-oh^^daW' 

Jo 

is given asymptotically by the following formula: 
(97) £T,t(/-, /-) - e-'\D-{n?\\r^{:T)\? = 0(exp(-e^t)) . 
Our task is therefore reduced to estimate the integral 



(l + (x + ^7)2)^ 



dxdadr . 



By Fubini's and change of variables theorems, it is enough to compute the integral 



(98) It{x):=I I -—— ^dx. 

(1 + (X + (T - tY) 2 
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By explicit integration we obtain that as T — )• +00 the function 

r-(i-)/^(x) - r — - ^ 

y-r(l + n2)^ l-'^ 
uniformly on compact intervals. By integration by parts the integral 

'■^ du 



Jt 



■= r - 

■ J -Til 



(l + n2) 
satisfies the following formula: 

Jt = -TT17 + (1 + '^PT -{l + y) -3+17 • 

(1 + T2)— J^t{1 + v?) — 

It follows immediately that 

J _ I 2T _^ 1 + ^ du 

^~ i^(l+r2)^ ^ y_T(l + n2)^' 

Since the convergence in formula (|98T l is uniform on compact sets and the improper 
integral 

du du 



(l + n2)— ^->+°oJ-T (1 +it2) — 
is absolutely convergent, we obtain that the normalized integral 

(99) £T,t (^^0, /") := e~^'~"^* < / uo o t^^r, / /" o /i^dr > 

Jo Jo 

is given asymptotically (as t — )• +00) by the following formula: 

(100) EtAuoJ-) + - ^-^I.TD-ine"' ^0. 
By definition we have 



-'^M 1/ ) 

Since the normalized inner product £.T,t{f~^, f ) converges, by formulas (|97] ) and 
([Tool) it follows that 



^^^^^ 1^ n-rf-^2 



V Dp. (uo) 

We have thus proved the lemma and in addition we obtain the formulas: 

< /3;(-,T),/3;(.,T) > = - tll^-^l-^ ; 
(102) ""^^ " 

V D^, (no) 
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□ 

5.4. Rotationally symmetric measures. We prove below some elementary re- 
sults about compactly supported measures on the complex plane and on higher 
dimensional cartesian products of the complex plane. These results characterize 
probability distributions with rotational symmetries up to an affine change of coor- 
dinates. 

Lemma 5.3. Let fibe a compactly supported Borel measure on the complex plane. 
If for any a < 6 G M there exists a constant m{a, b) such that, for all v E C\ {0}, 

li{z G C\a < — 1^ <b} = m{a, h) , 
then the measure fi onC is rotationally invariant. 

Proof. It follows from the assumption that the probabihty distribution with respect 
to the measure /x on C of the function 

Re(e*^2;) = ^ , 

does not depend on ^ G M, hence for every A; G Z the integral 



Jc 



does not depend on G M as well. It follows that 

z^z^djx = for all r, s G N , r - s 7^ . 



L 



'C 

Let Re be the rotation of angle ^ G M on C. For any real analytic function / on C, 
we have by power series expansion 

/ foRedix = Y ,\^^^^{ (0) / \z\^^ = I fdii. 

Since /x has compact support and polynomials are dense in the uniform topology 
on any compact subset of the complex plane, the result follows. □ 

For any A,B^ , let Ta,b : C ^ C the affine map defined as follows: 

Ta,b{x, y) = {x/A, y/B) , for all {x, y)eC = R\ 

Lemma 5.4. Let jx be a compactly supported Borel probability measure on the 

complex plane. Assume that there exist (^4, B) G (M"'")^ such that for any a, 6 G M 
there exists a constant m{a, b) such that, for all ^ G M, 

Re(e*^z) 

H{z G C\a < — 2fl I P2 ■ 2nn/2 <b} = ^A,B{a, b) . 

[A^^ cos^ + B'^ sm 0)^1^ 

Then the measure (i has the following form: there exists a rotationally invariant 
measure ponC such that 

l^ = {TtBUp)- 
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Proof. We claim that, by Lemma [531 the measure p := {Ta^b)*IJ' is rotationally 
invariant. In fact, for any G M, let va,b{0) G C be the unit complex number 
defined as follows: 

_ {Acos9,Bs\n9) 
''^'■^^ ^ '~ (A2 sin + ^2 cos2 0)1/2 ■ 

A straightforward calculation yields that, for any a <h and for all G R, 

p{z £ C a < — -—— < b} 

(103) I , V ;i 

r ^, Re(e'^z) 

Since the family {va,b{9)\9 G M} coincides with {v G C\\v\ = 1}, it follows that 

^1 Re(zv) / ,x 

G C a < — p— ^ < 6} = B[a, b), 
\v\ 

hence p is rotationally invariant by Lemma 1531 as claimed. □ 

Lemma 5.5. Let /? : (X, p) C be a bounded measurable function on the prob- 
ability space {X, p). The family of real-valued functions 

|Re(e^^/3)||' 

has a constant probability distribution if and only if there exists an affine map 
T : C — >■ C such that the function T o /3 : X — )• C has a rotationally invariant 
probability distribution. 

Proof Up to composition with a rotation of the complex plane it is possible to 
assume that 

f (Re^)(Im;9)d// = ^Im( / p'^dp) = . 
Jx 2 Jx 

Under that assumption, it follows that 

||Re(e^V)||2 = ||Re/3||2cos2 0+ ||Im/3fsin2 0. 

Thus the statement follows from Lemma [531 □ 

The above results generalize to functions with values in higher dimensional 
complex spaces. In fact, the following holds: 

Lemma 5.6. Let p be a compactly supported Borel probability measure on C". 
Assume that for any a, 6 G M there exists a constant m{a,b) such that, for all 
u G C" \ {0}, 

^1 Re(z ■ v) , , , 
p{z G C a < — f- — - <b} = m(a, h) , 
\v\ 

then p is rotationally invariant, that is, it is invariant under the action of the or- 
thogonal group SO{2n, M) on C" = M2". 
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Proof. We claim that there exists a compactly supported probability measure m 
on the real line such that the constants m(a, h) = m{x G M|a < x < b} and 
that measure fi is uniquely determined by the measure m on the real line. In fact, 
the measure m is just the probabihty distribution of the function Re{z ■ v)/\v\ for 
any given v G \ {0}. The uniqueness of the measure fi follows from the fact 
the computations of the moments of the probability distribution m on M yields the 
values of all integrals of the form 

(in terms of binomial coefficients and of the moments of the probabihty measure 
m). Since /^t has compact support and polynomials are dense in the space of con- 
tinuous functions on compact sets, the uniqueness follows. 

Finally, the measure jj, is rotationally invariant as it is the unique measure which 
satisfies a rotationally invariant condition. 

□ 



For any {A, B) G , let Ta,b : C" ^ C" the invertible affine map defined 

as follows: for all (xi, yi, . . . , Xn, Vn) G = M^", 

TaM^I^VI^-- ■^Xn,yn) = {Xi/Ai,yi/Bi,.. . ,Xn/An,yn/Bn) ■ 

Lemma 5.7. Let fi be a compactly supported Borel probability measure on C". 
Assume that there exists (A, B) G (R+)"' x (M+)" such that for any a, 6 G M there 
exists a constant mA,B{0'-, b) such that, for all (r, 9) G (M"'")"' x M", 

fi{z G C^la < Re(E:=ir.e^^-^,) < b} = mA s(a, b) . 

[E:=i rj{A^s cos2 Os + Bl sin^ Os)] ^'^ 
Then the measure ji has the following form: there exists a rotationally invariant 
measure p on C" such that 

^ = (^ii )*(/') • 

In fact, a stronger result holds. The key step is given by the following result. 

Lemma 5.8. Let ^ be a compactly supported Borel probability measure on C". 

Let {A, B) G {M+Y ^ 0^~^T 1- P<^if of vectors such that 

A\i^ B\, . . . , Ani^ Bn- 

If there exist distinct integral vector t;^^), . . . ^ TH^ (d >_ \) such that the 

probability distribution mA,B,r,e of the function 

[Er=i rU^I cos2 < v('),e > +BI sin2 < v('\9 >)] ^'"^ ' 

defined on the probability space (C*, [i), is independent of 9 & T'^, for any given 
r G (M"'")", then it is also independent of r E \ {0}, hence there exists a 
probability distribution mA,B on the real line such that 

mA,B,r,e = mA,B , for all (r, 9) eW\ {0} x T'^ . 



50 



ALEXANDER BUFETOV AND GIOVANNI FORNI 



Proof. By assumption there exists a compactly supported measure mA,B,r on the 
real line such that mA,B,r,e = 'mA,B,r for all 6 G T". A computation of the 
moments M^^^ ^ of the measure mA^B,r yields that all the odd moments ^a'^bI^ 

' ' (2k) ' ' 

vanish while from the the computation of even moments b r derive the 

identities below. Let PA,B,r{(^) be the trigonometric polynomial 

n 
s=l 

which after a simple calculation can be written as follows: 

Pa,bA(^) = E^'( 4 + e-2*<^'^''^>) + ^^^ ) . 

s=l 

The calculation of even moments yields: 

„ n 

(104) / ReiT rse^<'''' = Mf^, Pa,b AO)'- 

Since by assumption the set of integral vectors {v^'^\ . . . jV^^')} has distinct ele- 
ments, it has a unique maximal element w^') with respect to the lexicographic order 
on Z'^. Thus by comparing the coefficients of the exponential exp(2ik < v^^\6 >) 
on the left and right sides of formula (11041 ). it follows that 

By assumption Ai ^ Bi, hence on the set M" \ {ri = 0} the moment ^ is 

given by the formula 

,2k) _ 2^ /cn zf^d^x 

It follows that the function M^'^ ^ is constant on M" \ {ri = 0}. Since, by for- 
mula ( 11041 ). it is continuous on M" \ {0}, it follows that ^, is equal to a 
constant on M" \ {0}. Thus all the even moments ^ as well as all the 

odd moments Br "-^^ compactly supported probability measure mA,B,r do 
not depend on r G M" \ {0}- It follows that there exists a probability distribution 

(2k) 

niA.B on the real line, with zero odd moments and even moments equal to ^, 
such that mA,B,r,e = mA,B for all (r, 6) £ (M" \ {0}) x T'', as stated. □ 

By Lemma [577] and Lemma [5^ we can then derive the following characteriza- 
tion: 

Lemma 5,9, Let ^ be a compactly supported Borel probability measure on C". 
Assume that there exists {A, B, r) G x x (M+)" such that for any a, 
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6 E M there exists a constant mA,B,r{0'-, b) such that, for all 9 G M", 
li{z G na < ME:=irse^''^s) ^ ^ mA,B,M b) • 

If A\ 7^ Si, ... , An 7^ Bn, then the measure /i has the following form: there exists 
a rotationally invariant measure p on C" such that 
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